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What isalinear vector space?

The linear vector space representation of fields and operators is a powerful com
in the toolbox of the mathematician, physicist, engineer and statistician. It ent
the analysis of a huge range of problems. Coming under alternative headings ¢
eralised fourier methods", "matrix methods", or "linear algebra”, they are espe
useful in the modern day as they allow problems to be formulated in a manner
directly suitable for numerical solution by computer.

Vectors and matrices are structures that allow information to be represente
systematic way. For our purposes a vector is a quantity that is a collection of r
ical information. Along with the vector is itgpresentation (the meanings attached 1
each element), which definediaear vector space. Examples arise in basic physic
some quantities being fundamentally vector in nature, such as velocity or force tt
ist in two- or three-dimensional space. The representation in these examples i
of three cartesian directions of space (ihges), and the vector can be plotted, havi
a direction and a length. In such an example, the particular representation is nc
The representation can be changed by choosing different cartesian directions, t
tation of the original axes. In the new representation, the components of the
will have changed, not because the vector itself has changed, but because th
sentation has, and replotting the vector will yield the same absolute directio
length and it did before.

Vectors can have wider, but abstract, applications too. Commonly a field is |
sented as a vector. An example might be a two-dimensional field of some qt
constructed of a number of values on a finite grid covering the domain of the fie
possible representation of a vector might then be a sequence of kronecker delt
tions at each position on the grid (these are a simple choice of basea¥sdgjating
each delta function with an element of the vector, the elements become the va
the field at each grid point. As in the case of the velocity or force, the vector will
a direction and length, but not in two- or three- dimensional space, but in an al
N-dimensional space, whekeis the number of grid points in the representation. 1
has a powerful conceptual value as all of the algebra that deals with vectors c
be applied to fields.

In this abstract application, there is the analogue of rotation of the basis. A new
ed' set of axes could be constructed by projecting the field onto an alternative bz
A familiar example is the fourier decomposition of the field, which would yield ¢
of fourier coefficients that correspond to a representation of plane waves, each
different wavenumber, instead of delta functions (the large dimensionality of the
tor space makes it difficult to actually imagine the fourier transformation as a
tion!). Thus, by performing a fourier transform, we have represented the sam
(i.e. vector) as an alternative set of coefficients. We can have either the vecto
real-space delta function representation, or the vector in its fourier-
representation.

Just as vectors can be used to represent fields, matrices are (linear) operators
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on these fields. For the purposes of this document, operators may be thought t
in two flavours. First there are thmansformation or rotation operators - these are tr
kinds of operators that rotate the basis, transforming the representation. Actin
such a matrix does not fundamentally yield a new vector, but yields the same ve
a new representation, specified by the matrix. The fourier transform is an exan
such an operator. The second kinds of operators might be referreghysiaal or
statistical operators, which perform specific physical or statistical roles. Many i
mathematical operations on the field have a matrix analogue, e.g. the laplaciar
ator, or the convolution operator, to name but two.

About this document

These notes are a description of three types of representation of vectors and |
operators. The simplest (section 1) is applicable to systems that are represente
sively in terms of orthogonal basis vectors, and where both the input and outpt
tors of physical operators share the same vector space. A generalization of th
tion 2) is for systems whose vector representations involve skew (non-orthogon
sis vectors, which require a different treatment. Finally (section 3), considei
treatment of operators whose inputs and outputs do not share the same vecto
Here the technique afngular value decomposition is introduced.

To be clear and unambiguous, derivations are made using expanded (non-matri
tion, but alongside the key equations, highlighted in boxes and using a separat:
tion numbering system, results are expressed in matrix notation, which is more
pact. In so doing, many matrices - particularly transformation matrices - can be
preted as an assembly of vectors. This introduces potential ambiguities as there
ternative conventions for doing this. Here, when assembling vectors into a matr
convention is used that each of t@umnsof the matrix holds each of the vectors
lesser used convention, which is not used here, is to use the rows).

To be as general as possible, a dagger sytip used to represent the adjoint of
vector, matrix or operator. For vectors and matrices, this is the combined actic
transposé’) and complex conjugaté). If all vectors and matrices contain purely re
elements then the adjoint operation is equivalent to the transpose. Applying t
joint operation to a scalar, means just take the complex conjugate.

Familiarity with certain matrix operations and concepts is assumed, e.g. taking t
joint of a product of matrixes is equivalent to taking the adjoint of each individu
and reversing their order. Familiarity with the idea of an inverse matrix is
assumed.



1. Representation of vectors and operatorsin orthogonal bases

In this section we consider the representation of state vectors and operators ii
that have mutually orthogonal components. The eigenvectors of hermitian ope
are mutually orthogonal and so this section has direct relevance to application .
such operators.

1.1 Representation of a vector
In a basis comprised gf vectors, a vecta¥ may be expressed,

(L) V=YV,
(1.2 &5?&1 = 9y,

(13) v =,

while in an alternative basis ¢f the analogues are,
(1.4) V=YW

J
(15) Wi = o
(1.6) Vo= PV

Define a relationship and an inverse relationship between the above two ¢
bases,

(1.7 Py = ZTij(,lSi,

(1.8) ¢ = ZUJ@J‘,
J

where, for the matrix equivalents, = U™. Use Eq. (1.2) to find matrix elemen

of T in Eq. (1.7),

a9 Ty = $li,
and similarly use Eq. (1.5) in Eqg. (1.8) to find the matrix elemenits of
(1.10) Ui = /¢

The right-hand-sides of Eqgs. (1.9) and (1.10) are the adjoints of each
implying,

(111 Ui =T = Tj,

(1.12) (U™,

l.e. that the inverse transform operator between the two orthonormal bases
same as the adjoint operator.

(1A T=U'=U"




1.2 Change in therepresentation of a vector

The U and T operators have been used to transform the basis elements, but they
also can be made to transform the vectors themselves. Equation (1.1) isV in the ¢-
representation. In order to transform it to the y-representation, substitute Eq. (1.8)
into Eq. (1.1),

(1.13) V= ZVTP ZUji@j = 2(2 UjiViq)){/}j-

i j | i
By comparing Eq. (1.13) with Eq. (1.4), the bracketed term is seen to be the repre-
sentation of V in the y-representation, i.e. that,

Vo= 2 U2,
i

(114) = 2T

(1B) W= TW.

In Eq. (1.14), the property of the transforms, Eq. (1.11), has been used. In the
same way, by substituting Eq. (1.7) into Eg. (1.4) and comparing to Eq. (1.1), one
finds that,

j

(1.15) = Y Ui
j

(L.C) v = UW.
In Eq. (1.15), the property, Eq. (1.11), has again been used.

1.3 Representation of an operator

The operators U and T that transform between representations are shown in section
1.2 to be natural matrix quantities. We now consider the conversion of physical or
statistical operators to matrix form. Here, we consider only those operators that act
within the same representation, and are described exclusively by orthogonal basis
members.

Let operator O act on V2 to give V!, It need not be a matrix operator at this stage -
all we need know is how to operate with O on any basis member.

(1.16) V= OV,
(117 > = Y0,

In Eq. (1.17), the vectors have been expanded in the ¢-representation. Now use
Eq. (1.2) for the orthonormality of the ¢ vectors,
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(1.18) i = 3 (¢/0d)vir”.
This result allows us to derive the operator O in matrix form under the ¢-
representation. Equation (1.18) is the expanded form of a matrix equation, where
the matrix elements are found in the bracketed term,

(1.19) Off = ¢/Og..
(LD) vV = 0%

Thus, acting on a field with the operator O, is equivalent to acting on the field ex-
pressed in the ¢-representation with the matrix of the above elements.

Similarly, amatrix representation exists for the y-representation,
(1.20) Oln = P10

(LE) VY = oW

The matrix elements of Eq. (1.20) would be applied to fields expressed in the -
representation. In a similar way to different possible representations of a vector,
Egs. (1.19) and (1.20) represent the same operator, but in two different
representations.

1.4 Changein therepresentation of an operator

There exists a ssimple relationship between the two representations of the operator
O, given as Egs. (1.19) and (1.20) in section 1.3. Given the matrix in one repre-
sentation, and a basis transformation to another (as used in section 1.1), one can
find the matrix in the other representation.

Suppose that the matrix elements of O in the ¢-representation - Eq. (1.19) - are
known, what are the matrix elements in the y-representation - Eq. (1.20) - without
calculating them from scratch? Substitute Eqg. (1.7) into Eqg. (1.20),

Ohm = X, TiiO X Tindhi,
i i
= 2 21—:1 (Q’i)i)roéj)-rjm,
i

(1.21) =Y Y 10T,
i

(1.F) oY = T'O’T.

The boxed expression is the matrix equation equivalent to Eq. (1.21) where the
columns of the matrix T specify the y-basis vectors in terms of the ¢-basis vectors
- see Eq. (1.7). Similarly, the operator in the ¢-representation can be found from it
in the y-representation (substitute Eq. (1.8) into Eq. (1.19)),




(122) of =Y Y U ok
n m

(L.G) o? = U'o*u.

The columns of the matrix U specify the ¢-basis vectors in terms of the y-basis
vectors - see Eqg. (1.8).

1.5 The eigenr epresentation

If the ¢ vectors are eigenvectors of the operator O then the y-representation of O
has the specia property of being diagonal, as shown here. If 9, is an eigenvector
of O with eigenvalue 4., then,

(1.23) OPm = AP
The matrix elements O, of Eq. (1.20) are then,

O1r/1)m = @:O{/\Jm,
= lm{/\JI{/\)m,
(1-24) = /lm(snm,

meaning that OY is diagonal. Thus the matrix form of an operator in its eigenvec-
tor representation is diagonal, and the diagonal elements are its eigenvalues. Let
O? (the operator in the ¢-representation as in Eq. (1.19)) be the operator in a non-
eigenrepresentation (the matrix O? is non-diagonal). It can be diagonalized by
transforming it - using Eqg. (1.21) - into the basis of the eigenvectors. Thus, by
choosing the columns of the matrix T to be the eigenvectors of O?, Eq. (1.21)
would yield the matrix elements in the eigenrepresentation. Only the diagona
elements (m = n) need be computed, which are the eigenvalues, and all other
elements are zero.

If the columns of the matrix T are the representation of the y-vectors (in the ¢-
representation) then the following is the eigenvalue equation, in matrix form, for
all eigenvectors,

(1.H) O’T = TOY,

and can be found from a simple rearrangement of the matrix Eq. (1.F) using the
matrix relations of Eg. (1.A). In the above matrix equation, the diagonal elements
of O arethe eigenvalues.

The content of this section on orthonormal systemsis applicable if the operator, O,
is hermitian. This is due to an important property of hermitian operators - that
their eigenfunctions are orthogonal, making them into a suitable basis set. In the
remainder of section 1.5, we prove this property.

We now define a hermitian operator. A general property of operators (in fact the
definition of the adjoint operator) is the following,

(1.25) oY = (O'P) P,
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(1.26) = PO'P)".
A hermitian operator has the property that,

(1.27) 0 =0
meaning that for such operators (from Eq. (1.26)),
(1.28) PIOP; = (PO’

There are two important properties that can be deduced from Eqg. (1.28) - that the
eigenvalues of hermitian operators are real, and that their eigenvectors are mutual-
ly orthogonal. To show this, consider two eigenvectors of O,

(1.29) OYm = A,

(1-30) Oi/\)n = Zvn{/\)n-

For each of Egs. (1.29) and (1.30), perform an inner product with the 'other' eigen-
vector and do not assume yet that the eigenvectors are orthogonal,

(1.31) DOPm = Al

(1.32) 171%01% = j'n{/\)L{/\}n
Take the adjoint of Eq. (1.31) and make use of the Hermitian property of Eq.
(1.27),

(1.33) DO = A

The left-hand-sides of Egs. (1.32) and (1.33) areidentical. The difference between
these equations yields,

(1.34) 0 = (m ~ o) Dridn

The simultaneous properties of real eigenvalues (4, = A, and orthogonal eigen-
vectors (Pihn = Om) are consistent with Eq. (1.34). To satisfy this equation, ei-
ther the difference of eigenvalues is zero, or the inner product is zero. The differ-
ence of eigenvalues is zero when m = n, allowing the inner product to be non-

zero. Whenm # n, the difference between eigenvalues is non-zero, which means
that the inner product must be zero.

Another final point regards the matrix elements of hermitian operators. Combin-
ing the hermitian property of O, Eq. (1.27) with Eq. (1.26) yields,

PIOY; = (POP),
(135) of = o

This means that opposite matrix elements of hermitian operators are complex con-
jugates of each other. If the matrix elements are real, the the matrix is symmetric.



2. Representation of vectorsand operatorsin skew bases

The matrix representation of hermitian operators (Eq. (1.27)) has special symmetry
properties. More general matrices require a more general treatment and often require
basis vectors that are skew to each other which do not satisfy the orthogonality proper-
ty of Egs. (1.2) or (1.5). In this section we discuss the vector spaces that are suitable
as a representation of non-hermitian matrices, but till act within the same vector
Space.

2.1 Representation of a vector
Just asin section 1, avector can be represented in a chosen basis,

(2.1a) V=YV,

but, unlike in section 1, the basis are now not assumed to be mutually orthogonal.
Because of this, it is useful to define another set of basis, @; (a dual basis) which
goes aongside the ¢;. The dual representation of V isthen,

(2.1b) V= Y,

the &; (represented in upper case) being the conjugate or adjoint of ¢; (represented
in lower case). The basis set and its dual are intimately related having the follow-
ing bi-orthogonality relations to make up for the fact that the bases are skew,

(2.2a) qSiT@j = dj,
(2.2b) (N(i)J = dj,
(in tensor calculus, the terms covariant and contravariant are used to distinguish
between the bases). In section 1, in effect, these two sets also exist, but they are

the same set. The bi-orthogonality property allows extraction of the expansion co-
efficientsin Egs. (2.1a) and (2.1b),

(2:39) v = &,
(2.3b) VP o= piv.
Analogous equations exist for another basis set, ¢; and its dual ¥,
(2.4a) v = ZVJ%J"
i
(2.4b) v = Z\,}*’\i:j,
j
(2.58) o= o
(2.5b) {/\)jT\APi = 0ji,
(2.6a) W= ¥y,
(2.6b) v o= v



Define relationships and inverse relationships between the above two sets of bases
and their duals,

(2.7a) W = Ei:TijdA)i,

(2.7b) ¥ = Y Tid,

(2.83) ¢ = ;Uji%

(2.80) & = YUY,
]

where, for the matrix equivalents, T = U™ and T” = U, Use Egs. (2.29),
(2.2b), (2.54) and (2.5b) to find matrix elementsof T, T”, U and U’,

(2.92) Ty = &/,
(2.9b) T = ¥,
(2.10a) Ui = %o,
(2.10b) Ui = ¢

Some of the right hand sides of the above four equations are the adjoints of others.
Namely, Eq. (2.99) is the conjugate of EQ. (2.10b) and Eq. (2.9b) of Eqg. (2.104).
This means that the following relationships hold,

(2.11a) Up =T = T,
(2.12a) = (U™,
(2.11b) Uy = T = T4,
(2.12b) = (UYL
(2.A3) T =U"=U",
(2.Ab) T =U"=U"

These results mean that the inverse operator transforming between the bases is the
same as the adjoint of the operator acting between its dual bases.

2.2 Changein the representation of a vector

The U, T, U and T’ operators have been used to transform the basis elements, but
they also can be made to transform the vectors themselves. Equation (2.1a) isV in
the ¢-representation. In order to transform it to the y-representation, substitute Eq.
(2.89) into Eq. (2.1a),

(2.13) V= ZVFP ZUjﬂ% = Z(Zujivfp)@i-
i j [
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By comparing Eq. (2.13) with Eq. (2.4a), the bracketed term is seen to be the rep-
resentation of V in the y-representation, i.e. that,

Vo= 2 U7,

(2.14) = Y TV

(2.B) v o= TV,

In Eq. (2.14), the property of the transforms, Eq. (2.11b), has been used. Although
we are transforming a vector from the ¢- to the y-representation, the T’ - Eq.
(2.7b) - (rather than the T) operator has been used, which transforms between the
dual of these representations. Thisis due to the fact that the bases are skew. In the
same way, by substituting Eq. (2.7a) into Eq. (2.4a) and comparing to Eg. (2.19),
one finds that,

i

(2.15) = Y uiv.
j

(2.C) v = U

In EQ. (2.15), the property of the transforms, Eq. (2.114), has been used. These are
very similar results to those proven in section 1 for transformations between vec-
tors represented with orthogonal basis sets.

2.3 Representation of an oper ator

The operators U, U’, T and T’ that transform between representations are shown, in
section 2.2, to be natural matrix quantities. We now consider the conversion of
physical operators to matrix form. Here we consider those operators that act with-
in the same representation but, unlike in section 1, the basis members do not have
to be orthogonal .

Let operator O act on V2 to give V1. It need not be a matrix operator at this stage -
all we need to know is how to operate with O on any basis member.

(2.16) V= OV,
(217 > = Y0,

In Eq. (2.17), the vectors have been expanded in the ¢-representation. Thisis the
same treatment as for the orthogonal systems. Now use Eq. (2.2a) for the bi-
orthonormality between the ¢ and @ vectors,

(2.18) v = Y (d/0g )i
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This result allows us to derive the operator O in matrix form under the ¢-
representation. Equation (2.18) is the expanded form of a matrix equation, where
the matrix elements are found in the bracketed term,

(2.19a) of = &/0p.

(2.Da) v? = oM,

Thus, acting on a field with the operator O, is equivalent to acting on the field ex-
pressed in the ¢-representation with the matrix of the above elements. Thereis a
dlight peculiarity with the results for skew systems: athough the form of the right
hand side of Eq. (2.19a), for the matrix elements, suggests a transference of the ba-
sisfrom ¢ to @, the vectors before (V%) and after (V%) the action of O?, remain in
the ¢-representation.

Similarly, amatrix representation exists for the ®-representation,

(2.19b) Of = ¢/0d,.
(2.Db) Ve = O,
Similarly for the y and ¥-representations,
(2.20a) oY, = Yo
(2.Ea) VY = oW,
(2.20b) O = POV,
(2.Eb) v = oY,

2.4 Changein the representation of an operator

There exists simple relationships between the representations of the operator O.
We will examine the relationships between O in the ¢- and y-basis sets, as spec-
ified in section 2.3 (Egs. (2.19a) and (2.20a) respectively). Given the matrix in one
representation, and a basis transformation to another (as used in section 2.1), one
can find the matrix in the other representation.

Suppose that the matrix elements of O in the ¢-representation - Eq. (2.19a) - are
known, what are the matrix elements of O in the y-representation - EQ. (2.20a) -
without calculating them from scratch? Substitute Egs. (2.7a) and (2.7b) into Eq.
(2.20a),

Ol = Y TH®/0 Y T,
[ j

= 3 ST (®104) T
J
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(2.21) = Y > Tl
i

(2.F) o = T0"T.

The boxed expression is the matrix equation equivalent to Eq. (2.21) where the
columns of the matrix T specify the y-basis vectors in terms of the ¢-basis vectors
- see Eq. (2.7a), and the columns of the matrix T’ specify the W-basis vectors in
terms of the ®-basis vectors - see Eqg. (2.7b). Similarly, the operator in the ¢-
representation can be found from it in the y-representation (substitute Egs. (2.8a)
and (2.8b) into Eq. (2.1939)),

(2.22) of = Y Y UnOhUa.
n m

(2.G) o’ = U'o'u.

2.5 The eigenr epresentation

If the ¢ vectors are eigenvectors of the operator O (and the ¥ are bi-orthogonal to
these) then the y-representation of O has the special property of being diagonal, as
shown here. If 9, isan eigenvector of O with eigenvalue A, then,

(2-23) O{i)m = lm{/\)m-
The matrix elements O¥, of Eq. (2.20a) are then,

Oz}m = l,I\I;O{,]Jm,

= lm‘iﬂ{/\)m,

(2.24) = lménma
meaning that OY is diagonal. Thus the matrix form of an operator in its eigenvec-
tor representation is diagonal, and the diagonal elements are its eigenvalues. Let
O? (the operator in the ¢-representation as in Eq. (2.19a)) be the operator in a non-
eigenrepresentation (the matrix O? is non-diagonal). It can be diagonalized by
transforming it - using Eqg. (2.21) - into the basis of the eigenvectors. Thus, by
choosing the columns of the matrix T to be the eigenvectors of O?, and the col-
umns of the matrix T’ to be bi-orthogonal to these, Eq. (2.21) would yield the ma-

trix elements in the eigenrepresentation. Only the diagonal elements (m = n)
need be computed, which are the eigenvalues, and all other elements are zero.

If the columns of the matrix T are the representation of the y-vectors (in the ¢-
representation) then the following is the eigenvalue equation, in matrix form, for
all eigenvectors,

(2.H) o’T = TOY,

and can be found from a simple rearrangement of the matrix Eq. (2.F) using the
matrix relations of Egs. (2.Aa) and (2.Ab). In the above matrix equation, the di-
agonal elements of O are the eigenvalues.
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Until now, nothing has been said about the dual space basis vectors, ¥, apart from
being bi-orthogonal to the 3 basis vectors. If the ) vectors are eigenvectors of O,
then the set of bi-orthogonal vectors, W, are found to be eigenvectors of the adjoint
operator, O'.

Take the eigenvalue equation for ¥m (Eq. (2.23)) and perform an inner product
with ¥,,, but unlike in Eq. (2.24), do not assume for now that ¥, i s bi-orthogonal to

P

(2.25) ODn = A iim.
The adjoint of thisequation is,
(2.26) 0¥, = i,

Next, allow ¥, to be an eigenvector of OF, with eigenvalue uy,, then perform an in-
ner product with 9,

OJl-\i’n = ,un{Pna

(2.27) T el AT &

The left-hand-sides of Egs. (2.26) and (2.27) areidentical. The difference between
these two equations yields,

(2.28) 0 = (im = o) PP

The simultaneous properties of the two sets of eigenvalues being related by
Am = um (the eigenvalues are complex conjugates of each other), and bi-
orthogonal eigenvectors (P¥, = o) are consistent with Eq. (2.28). To satisfy
this equation, either the difference of eigenvalues is zero, or the inner product is
zero. The difference of eigenvalues is zero when m = n, alowing the inner prod-
uct to be non-zero. When m # n, the difference between eigenvalues is non-zero,
which means that the inner product must be zero.
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3. Representation of vectors and operatorsin multiple bases (with ap-
plication to singular vectors)

In sections 1 and 2, the 'input’ and "output’ vector spaces of the operator O are identical
(the difference between the two sections being the orthogonality or bi-orthogonality of
the basis members). In this section we consider the representations of state vectors
and operators necessary to describe the action of operators that span two different
spaces. That is for those operators that act on a vector in one vector space (called the
right space since it falls on the right hand side of the operator), and yield a vector in
another (called the left space). The left and right spaces are each taken to be orthogo-
nal spaces (see below).

The separate left and right vector spaces are necessary to describe the action of phys-
ical operators considered in this section. The sizes of each space can be different, and
so we must define from the start the number of bases in each space. Let the left space
have a basis members and the right space have 8. We did not specify the number of
members in previous sections since it was constant. Another important number is the
rank of the operator, y which is discussed in section 3.5.

3.1 Representation of left and right vectors

A vector belonging to the left vector space can be represented in a chosen |left
basis,

(3.10) V= 2 Vi B,
and a vector belonging to the right vect(r:r= ;pace can be represented in aright basis,
(3.1b) W= iV?’R‘:ZBiR,
where the two bases are separate. Notleztlhe different upper limits on the summa-

tions. The left and right members are each orthogonal sets, which allows the co-
efficients v&- and v#R to be found,

(3.23) Po 5 = Oumy
(3.2b) SRR = o,
(333) VR
(3.3b) VPR = gRR

In an aternative left basis and an alternative right basis, the analogues of the above
are,

(3.49) V=) vEn,
m=1
B

(3.4b) V=Y wRRR

1
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(35) PO = Sm

AR~
(3.50) PP = Oy,
(3.62) it = PV
(3.6b) VR = RSR

Define relationships and inverse relationships between the ¢, and ¢f; bases and the
#F and PR bases,

(3.79) Pn= Y, Trodm
m=1
B A
(3.70) o= Y T
i=1
(3.8a) ¢m = D, Unh,
n=1
A ﬂ ~
(3.8b) ¢ = 2 UM

=1

where, for the matrix equivalents, T- = U and TR = UR. Use Egs. (3.23),
(3.2b), (3.58) and (3.5b) to find matrix elementsof T, TR U-and UR

(399) T = 0%,
(39b) ™ = a0
(3.10a) Ubn = 95 35
(3.10b) UR = FGR

Some of the right hand sides of the above four equations are the adjoints of others.
Namely, Eq. (3.9a) is the conjugate of Eg. (3.10a) and Eq. (3.9b) of Eq. (3.10b).
This means that the following relationships hold,

(3.11a) ut, = T8 = Tt
(3.12) = (U )
(3.11b) uR = 1% = 17,
(3.12b) = (UYL
(3.A9) Th = U = U
(3.Ab) TR = UF' = R
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3.2 Changein the representation of vectors

The U, Th, UR and TR operators have been used to transform the basis elements,
but they also can be made to transform the vectors themselves. Equation (3.1) isV*-
in the ¢--representation. In order to transform it into the y"-representation, sub-
stitute Eq. (3.8a) into Eq. (3.1a),

@ = 3 3 ki = 35 ubas

m=1 n=1 n=1\m=1
By comparing Eqg. (3.13) with Eq. (3.4a), the bracketed term is seen to be the rep-
resentation of V- in the y'-representation, i.e. that,

(3.14a) = Y Th VAL

-
(3.Ba) wt = TH

In Eq. (3.14a), the property of the transforms, Eq. (3.11a), has been used. In the
same way, by substituting Eq. (3.7a) into EqQ. (3.4a) and comparing to Eqg. (3.1a),
one finds the inverse relationship,

Vit

anm ’

(3.153) = Uh

(3.Ca) T LT*/’ L
In Eg. (3.154), the property of the transforms, Eq. (3.114), has been used.

Similar results exist for transformations between the two bases of the right space.
By substituting Eq. (3.8b) into Eg. (3.1b) and comparing to Eq. (3.4b), one finds
that,

B
v = Y UM
i=1
5 T
(3.14b) = ) TR VR
i=1
-
(3.Bb) wR = TRPR

In Eq. (3.14b), the property of the transforms, Eq. (3.11b), has been used. In the
same way, by substituting Eg. (3.7b) into Eq. (3.4b) and comparing to Eqg. (3.1b),
one finds the inverse relationship,

-16-



Z T

RT wR

ntvju

(3.15b)

(3.Ch) VR = URT*'P R

In Eq. (3.15b), the property of the transforms, Eq. (3.11b), has been used. These
are very similar results to those proven in section 1, for the left and right bases

separately.

3.3 Representation of an oper ator

The operators U, UR Tt and TR that transform between representations are shown,
in section 3.2, to be natural matrix quantities. We now consider the conversion of
physical operators to matrix form. Here we consider those matrices that straddle
two different vector spaces (the operators considered in section 1.3 are a subset of
the operators used here, which are special in that the two spaces happen to be the
same).

Let the operator O act on VR to give V-. It need not be a matrix operator at this
stage - all we need to know is how to operate with O on any right basis member to
give acombination of left basis members.

(3.16) V= o
a B

(317) D Vidn = Y, Vi Odn.
m=1 m=1

In Eg. (3.17), the vectors have been expanded in the ¢-representation in the left
and right spaces. This is the same treatment as for the orthogonal systems. Now
use Eqg. (3.2a) for the orthonormality of the left basis vectors,

B
(3.18) vt = Y (3 ogRMER,

m=1
for 1 < n < a. This result allows us to derive the operator O in matrix form
under the ¢-representation. Equation (3.18) is the expanded form of a matrix equa-
tion, where the matrix elements are found in the bracketed term,

AT A
(3.19) Ohn = ¢n Odir.
(3.Da) vt = %R

Thus, acting on a field with the operator O, is equivalent to acting on the field ex-
pressed in the ¢Rrepresentation with the matrix, O??, of the above elements to
yield a vector in the ¢'-representation.

Similarly, a matrix representation exists for the y-representation in each of the left
and right bases,
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ALt

(3.19b) O = n O,

(3.Db) Wt = OvWR

Expressions for the matrix elements when one vector space is in the ¢-
representation and the other in the y-representation are,

AT A
(3.20a) Ol = P O,
(3.Ea) Wt = OVPR
A1t A
(3.20b) Ohn = ¢n O
(3.Eb) vt = O R

3.4 Changein the representation of an operator

There exists simple relationships between the above representations of the operator
O. We will examine the relationships between O in the ¢- and y-basis sets (in the
left and right cases), as specified in section 3.3. Given the matrix in one repre-
sentation, and a basis transformation to another (as used in section 3.1), one can
find the matrix in the other representation.

Suppose that the matrix elements of O in the ¢-representation - Eq. (3.19a) - are
known, what are the matrix elements of O in the y-representation - Eq. (3.19b) -
without calculating them from scratch? Substitute Egs. (3.7a) and (3.7b) into Eq.
(3.19h),

a B
* a0 T A
O = 2. Tindi O X Ty’

a B
(321) =) 2T

(3F) o = To?TR

The boxed expression is the matrix equation equivalent to Eq. (3.21) where the
columns of the matrix T" specify the y'-basis vectors in terms of the ¢‘-basis vec-
tors - see Eq. (3.7a) and the columns of the matrix TR specify the yRbasis vectors
in terms of the ¢R-basis vectors - see Eq. (3.7b). Similarly, the operator in the ¢-
representation can be found from it in the y-representation (substitute Egs. (3.8a)
and (3.8b) into Eq. (3.199)),

a B
,
(3.22) Ot = Y 3 Uy Of*Uf,

i=1j=1
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-
(3.G) o = U-o*UR

The columns of the matrix U" specify the ¢“-basis vectors in terms of the y"-basis
vectors - see Eq. (3.8a) and the columns of the matrix UR specify the ¢R-basis vec-
torsin terms of the yR-basis vectors - see Eq. (3.8b).

3.5 The 'eigenrepresentation' (singular vectors and singula
values)

Unlike for operators that preserve the vector space, it is not possible here to write
an eigenvalue equation (like Eqg. (1.23)). We can, however, write the following,

(323) OPin = Anin

The vectors R and 9k, take the role of the eigenvectors considered before. In the
above equation, they are called the right and left singular vectors The scalar 4,
takes the role of the eigenvalue. It is called the singular valuehere. These singu-

lar vectors and the singular value satisfy other eigenvalue equations as discussed
later.

If we choose to represent O in the basis vectors that satisfy Eq. (3.23), the matrix
elements O4% of Eq. (3.19b) are then,

RPN
Ol = P O,
AT A
= Aniln Yoo
(3.24) = lménma

meaning that O*¥ is 'diagonal’. The diagonality property is not strictly true, since
only a square matrix can be diagonal and O¥¥ isaa x B matrix. Equation (3.24)
actually says that the square submatrix of dimension a X a or 8 x B (depending
on whether a or B respectively is smaller) at the top left of the full matrix is di-
agonal. Thus the matrix form of an operator in its singular vector representation is
‘diagonal’, and the diagonal elements are its singular values. Let O?? (the operator
in the ¢-representation as in Eq. (3.19a)) be the operator in a non-singular vector
representation (the matrix O%? is non-diagonal). It can be 'diagonalizedby trans-
forming it - using Eq. (3.21) - into the basis of the left and right singular vectors.
Thus, by choosing the columns of the matrix T to be the left singular vectors of
O?? (to find these see Eq. (3.29b) below) and the columns of the matrix TR to be
the right singular vectors of O?? (to find these see Eq. (3.294) below), Eq. (3.21)
would yield the matrix elements in the singular representation. Only the first a or
B (depending on which is smaller) diagonal elements (m = n) need be computed,
which are the singular values, and al other elements are zero.

If the columns of the matrix T" are the representation of the y"-vectors (in the ¢*-
representation) and the columns of the matrix TR are the representation of the R
vectors (in the gR-representation) then the following is the singular value equation,
Eq. (3.23), in matrix form, for all singular vectors,

(3.Ha) o”TR = TO%,
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and can be found from a simple rearrangement of the matrix Eq. (3.F) using the
matrix relations of Egs. (3.Aa) and (3.Ab). In the above matrix equation, the di-
agonal elements of O¥¥ are the singular values.

Another singular value equation that can be written is the following,
(3.25) Ok = wihh,
which has singular value u,. We shall show that this is consistent with Eq. (3.23)

if the left and right singular vectors form orthogonal sets, and that the two sets of
singular values (4, in Eq. (3.23) and i, in EQ. (3.25)) arereal and identical.

Perform the inner product of % with Eq. (3.23), and take the adjoint of the result
and do not yet assume that the singular vectors are orthogonal,

ARt ta s altn
(3.26) IR O'Yh = Jnihhe P
Perform the inner product of R with Eq. (3.25),

n - ~RT~
(327) PRO"DE = unip P
The left-hand-sides of Egs. (3.26) and (3.27) areidentical. Thisyields,

(3.28) Il Vs = iR DY

The simultaneous properties of real and identical singular values (A, = ) and or-
thogonal singular vectors (% 95 = O and PRPR = On) are consistent with Eq.
(3.28). Note though that orthogonality is guaranteed only when m, n < y wherey
is the rank of the matrix operator O?? (or indeed in any other representation). y
has the general property that y < min(a, §) and can be found by counting the
non-zero singular values. If a singular value is zero then Eqg. (3.28) is satisfied
without the need for the singular vectors to be orthogonal .

Equation (3.25) then has the following matrix equivalent for all singular vectors,
which can be found from the matrix Eq. (3.Ha) using the matrix relations of Egs.
(3.A3) and (3.Ab),

T T
(3.Hb) o T- = TRO™.

The left and right singular vectors, and the square of the singular values can be
found from solving a couple of eigenvalue equations which can be formed by con-
sidering Egs. (3.23) and (3.25) simultaneously (with A, = ),

(3.29) O'OPR = Az

(3.29b) 00, = A2k,

In matrix form, the above eigenvalue equations can be written as,

T t
(3lay 0% 0”TR = TFOY OY,

3lb)  O%o¥'Tt = T-oor
which can be derived directly from Egs. (3.Ha) and (3.Hb).
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