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Derivation of theradiativetransfer equation

As a pencil of radiation traverses a layer of the atmosphere, the radiance is modified i
ways (acting to either increase (+) or decrease (-) the radiation).

 Emission. The air in the layer emits as a grey body according to its temperature
and emission characteristics (+).

» Absorption. The air in the layer absorbs a fraction of the radiation traversing it (:
).

» Scattering. The air in the layer scatters the a fraction of the radiation to another
direction (-), and a fraction of other radiation is scattered into the pencil (+).

Here scattering processes will be ignored. Let the intensity of radiation at wavdlamngith
at heights above the ground e (known as the monochromatic radiance). Radiance he
dimensions of power/(wavelengthareax solid angle). The radiation enters the layer at
heights and leaves the layer at height Js (Fig. 1).
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Figure 1: Radiation traversing a layer of the atmosphere.

Emission of radiation

The emission of radiance from the layer involves the Planck fun&jgi), which is a
function of the layer's temperatufie, B, has the same units Bs Emission modifies the
radiation according to

SIS — area of emitterx B, (T). (1)

Letk; be the air's absorption cross section (equivalent to the emission cross section b
Kirchoff's law), which has units of area/mass. In a unit area of radiation into which the
radiation passes, the mass of the laypdsgwherep is the air's density), and so the area
the emitter is thek;pds. The contribution from emission is thus

SIEMSN — 150 B, (T). 2)

Absor ption of radiation
The absorption of radiance from the layer is

SR — _ area of absorbex 1, (3)
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where the area of the absorber is the same as the area of the emitter in (1). Equation
leads to

SIESRION — 55l . (4)
Equation (4) is sometimes known as Lambert's law.

Thetotal change of radiation

The sum of (2) and (4) gives the combined effect, which gives a differential equation
describing radiative transfer in the absence of scattering

dl,

e Pk (B (T) — 1)). (5

Integrating the radiative transfer equation
Multiplying (5) by the integrating factaxp fzpk,l ds, gives
d |/1 S S S
e expjopkl ds’ = pkA(Bl(T) eXpJ.Opk,l ds’ — I, eXpJ'Opkl ds’). (6)

Note the following identity, found by the product rule for integration, which will be usef
in rewriting (6)

|, exp j ok; ds’)

1 d 1 (dl, s d s
pkid ( _k(d_ eXpJ‘Opk,l ds’ + I/ld_S EXpJ‘Opk;L dS’),

1 1 S S d s
—k(d— exp [ ph o + 1 exp] pky a5 [ ok, ds’),
= i(d—' expj ok; ds + 1,pk; expj ok; ds’)

S
= (__s + 1, expj'opkl as. (7

Equation (6) can therefore be written

d S S

d—s(l,l exp J‘Opk/l dS’) = Pk/lBA (T) exp J‘Opkl ds'. (8)
Integrating (8) from the bottom of the dom&mn= 0) to heights

S S s’
L exp[ ko — 1,0 = [ kBT E)[exn [ pkias)as, (9

where some reindexing has been performed for clarity. Thel 1¢dns the emission from
the ground, which will depend upon the surface temperature. Taking the surface termr

right hand side and multiplying lxp — prkA ds’ gives an expression for the radiance at
heights

S S s’ S
1,(9 = 1,(0) exp— J-Opkl ds’ + joplgEaA (T () (exp fo ok, ds — jo,okA ds’) ds”, (10)

1, (0) exp— J-:pk,l ds’ + J.Zpk,lB,l (T () (exp— J.:”pk,l ds’) ds”. (12)

An important radiance is the top-of-atmosphere radiance since this is measured by sa

I, () = 1,(0) exp-— j:pkl as + J':pkABA(T () (exp— J.:,pk,l ds’) . (12



The optical depth and the atmospheric transmittance

The optical depthy, is a dimensionless unit of depth that determines the amount of
attenuation that a pencil of radiation suffers. Optical depth betsyeans, is defined as
follows

S
u(s, s) = [ pl; ds. (13)
S
The attenuation betweepnands,; is therefore
exp-u(sy, S). (14

Radiation that traverses an optical depth wfill be reduced by a fact@ The atmospheric
transmittances (9), is defined as the attenuation factor that a pencil of radiation suffers
traverses the atmosphere from hemgtd the top of the atmosphere

(9 = exp— [ pk; o, (15

exp-u(s, «). (16)
Another useful quantity is the derivativemowith respect te.

dr(s) d s
a5 - T(S)d—sprkz ds,

. 1 S+ 0S S
(9 lim 6—(L ok; ds’ — J.mpkl ds’),

s— 0

. 1 sst+0s
(5 lim (S_J. Pk/l das’,

0s—>00S s

T(9)p(5) ks (S). (17)
Using (16) and (17), the top-of-atmosphere radiance (12) can be written in a very corr
form

1) = 1,7 + [ Pk (SIBTENT(S) 0"

dz (8")
ds”

7O + [ B(T(E)) ds’”. (18)
The temperature weighting function

The weighting function with respect to the Planck function at hsightlefined as
dl; (e0)/ dB(T (9)). It can be found from (18)

dr (&)

dll(oo) _ d - ” ’
dB(T(s)  dB(T(9) Io BT ds” os’,
(T dr (s") .,
_joa(g -9 O
_dr (9
= (19)

The weighting function with respect to temperature at hasightlefined asll; (e<)/ dT (S).
It can be found from (19) and the chain rule

di;(e) _ _dli(ee) dB(T(s) _ dr(9dB(T(9)
dT (s dB(T (s)) dT(s) ds dT(s

(20

-3-



