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Abstract. QUAGMIRE is a quasi-geostrophic numeri- ratory phenomena differing by many orders of magnitude.
cal model for performing fast, high-resolution simulations What matters is equality of the relevant non-dimensional pa-
of multi-layer rotating annulus laboratory experiments on rameters, such as the Rossby number (for dynamical similar-
a desktop personal computer. The model uses a hybridty) and the horizontal-to-vertical aspect ratio (for geometri-
finite-difference/spectral approach to numerically integratecal similarity).

the coupled nonlinear partial differential equations of mo- Once a particular fluid flow problem has been solved by
tion in cylindrical geometry in each layer. Version 1.3 im- making observations in the laboratory, an infinite number of
plements the special case of two fluid layers of equal restingther fluid flow problems have also effectively been solved,
depths. The flow is forced either by a differentially rotating all of which are dynamically and geometrically similar. The
lid, or by relaxation to specified streamfunction or potential main benefits of laboratory experiments are that they are un-
vorticity fields, or both. Dissipation is achieved through Ek- der the complete control of the operator; that global high-
man layer pumping and suction at the horizontal boundariesresolution measurements may be taken; and that controlled
including the internal interface. The effects of weak inter- experiments may be repeated as many times as required.
facial tension are included, as well as the linear topographidNone of these statements holds when the atmosphere and
beta-effect and the quadratic centripetal beta-effect. Stochassceans are studied directly.

tic forcing may optionally be activated, to represent approxi- A review of the role of laboratory experiments in geophys-
mately the effects of random unresolved features. A leapfrogcal fluid dynamics has been given ljide (1977. Lab-

time stepping scheme is used, with a Robert filter. Flowsoratory investigations of non-rotating fluids began in the
simulated by the model agree well with those observed in thenineteenth century, and include the classic experiments of
corresponding laboratory experiments. Reynoldg1883. At around the same tim¥ettin (1884 was
probably the first to exploit dynamical similarity by carrying
out rotating laboratory experiments as analogues of geophys-
ical flows. He studied the surface flow in a rotating dishpan
of fluid with a lump of ice near the centre, representing a po-

For over a century, geoscientists have invoked the principlesr ic€ cap, and he drew meteorological conclusions from his
of dynamical similarity (e.gDouglas and Gasiore00g  esults (to the scorn of his contemporaries).

and geometrical similarity in order to study planetary atmo- For the most direct resemblance between annulus and
spheres and oceans indirectly in the laboratory. For example?lanet, heating and cooling should be applied at the outer
the mid-latitude atmospheric flow on a rotating planet closely@nd inner sidewalls, respectively, in order to mimic the
resembles the flow in a rotating laboratory annulus, as sugeduator-to-pole temperature gradient. However, it follows
gested by Figl. This statement holds despite typical length from thermal (and gradient) wind balance that a radial tem-

and time scales for corresponding atmospheric and laboPerature gradient will be accompanied by a vertical shear
in the zonal velocity. Therefore, analogous flows may be

obtained in an isothermal annulus by directly imposing a

Correspondence ta®. D. Williams shear using a differentially-rotating lid. The continuously-
BY

(p.d.williams@reading.ac.uk) stratified thermally-forced rotating annulus and the two-layer
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of the cylindrical geometry is the preferred approach, for a
number of important reasons that are discussed. The two-
layer quasi-geostrophic coupled partial differential equations
in cylindrical coordinates are derived in Seg8t.and the di-
agnostic relations between streamfunction and potential vor-
ticity are decomposed into vertical and azimuthal normal
mode form in order to simplify their solution. Suitable side-
wall boundary conditions are derived by considering integral
properties of the governing equations. Then, the continu-
ous equations are carefully discretized in Sdcin such a
way as to preserve discrete analogues of the integral prop-
erties. Suitable initial conditions and numerical parameter
values are given. In Sed, the calculations are partitioned
into model subroutines, the technical details of how to run
the model are described, and the code is tested. The paper
concludes with a summary in Seé6t.

2 Models of the rotating annulus

In this section, the relative merits of different possible dy-
namical (Sect2.1) and geometrical (Sec2.2) choices will

be summarised.

2.1 Possible dynamical choices

For numerically modelling the laboratory annulus, one possi-
ble approach would be a direct numerical simulation (DNS)
of the Navier-Stokes equations or shallow-water equations,
which are both referred to as primitive equations because
Fig. 1. Diagram showing the analogy betweg@) the fluidinaro-  poth vortical and divergent eigenmodes are retained. DNS
tating annulus experiment in the laboratory, #bjthe mid-latitude 545 have been developed for the continuously-stratified
atmosphere bounded by two latitude circles on a rotating planetthermally-forced rotating annulus (e dignett et al, 1985
FromRead et al(1998. White, 1986 but they are computationally expensive and
generally can be used to examine a small number of case-
study flows only.

mechanically-forced rotating annulus have both been stud- ag an alternative to the existing DNS models, in this paper
ied extensively (e.dHide et al, 1977 Carrigan 1978 King, v develop a balanced model in which the divergent eigen-
1979 Appleby, 1982 Lovegrove 1997 Williams, 2003. modes are filtered out by construction. The filtering is jus-

The development of computer models for simulating thetified because the interaction between vortical and divergent
general circulation of planetary atmospheres and oceans haggenmodes is thought to be weak. Balanced models have
been accompanied by the development of computer modelfewer dynamical degrees of freedom than primitive equa-
for simulating rotating laboratory experiments. Because oftion models, and therefore run much more quickly, allowing
their relative simplicity, laboratory flows are generally eas- larger numbers of simulations to be performed.
ier to model than atmospheric and oceanic flows. Therefore, Three possible balanced models for multi-layer flows are
the comparison between laboratory and model flows remainghose based on thguasi-geostrophic equationthebalance
an important testbed for investigating many fundamental dy-equationsand theslow equations These three equation sets
namical phenomena. In this paper, we describe the developare each derived from the shallow-water equations, which in
ment of a numerical model for simulating fluid flows in the turn are derived from the Navier-Stokes equations by assum-
multi-layer rotating annulus. The model is named QUAG- ing hydrostatic balance and columnar flow. Discussions of
MIRE, the QUAsi-Geostrophic Model for Investigating Ro- these and other filtered models are giverMmyWilliams and
tating fluids Experiments Gent(1980 andMcIntyre and Nortor(2000).

Section 2 reviews a variety of possible modelling ap-  The quasi-geostrophic equatiodh@arney et aJ. 1950 are
proaches, each making different dynamical and geometricatlerived by assuming that the potential vorticity is advected
assumptions. A balanced model with a full representationonly by the geostrophic component of the flow, and that
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interface perturbations are much smaller than the mean laydeads to certain vortical wave-wave interaction coefficients
depths. being identically zero. Only models in cylindrical geometry
The balance equation€karney 1955 are derived by per- admit the complete set of wave-wave interactions.
forming a horizontal velocity decomposition into vorticaland  Third, the channel and the annulus both contain back-
divergent components, and then truncating with respect to thground potential vorticity gradients, due to the sloping of
divergent component. The balance described is more compliequilibrium geopotential height surfaces in the presence of
cated, but also more accurate, than geostrophic balance. Effa vertical shear in horizontal velocity. In the channel, these
cient procedures have been developed for integrating the bageopotential height and potential vorticity variations are lin-
ance equationdD@aley, 1982. However, in their most gen- ear in the across-channel direction, but in the annulus they
eral form the balance equations have spurious non-physicare quadratic because of the parabolic equilibrium interface
wave solutions with phase speeds much larger than those dfeight shape produced by centripetal effects. This is known
inertia-gravity wavesNloura 1976. as thequadratic-effectand is captured only by using cylin-
The slow equationd_¢nch, 1989 are derived in a similar  drical geometry.
manner to the balance equations, except that the truncation is Finally, the model oBrugge et al(1987 does not include
performed more systematically (based on normal mode inithe effects of interfacial tension, which can be significant in
tialization) and the spurious solutions vanish. Numerical in-the laboratory. Interfacial tension is scale-selective, affecting
tegrations of the slow equations show excellent agreemengmall scales much more strongly than large scales. There-
with initialized numerical integrations of the shallow-water fore, although interfacial tension effects are almost always
equations. negligible in real geophysical flows, they can be important in
Of the above three possible dynamical choices, the quasithe analogous laboratory flows.
geostrophic (Q-G) equations are used for the QUAGMIRE For the above reasons, the existing multi-layer Q-G mod-
model developed in this paper. This is because only oneels are not particularly suitable for simulating the flow in the
scalar function of horizontal position per layer (the stream-laboratory annulus. Therefore, the remainder of this paper
function) is needed to uniquely define the state of the sysdescribes the construction of a new model that takes into ac-
tem in a Q-G model, whereas three per layer (the streameount cylindrical geometry and interfacial tension.
function, velocity potential and geopotential) are needed in
a balance equations or slow equations model. With three
times fewer dependent variables, the computational advan3 Continuous equations
tages gained from using a Q-G model arguably outweigh the

disadvantages of its slightly lower formal accuracy. In this section, the governing continuous equations are de-
rived (Sect.3.1) and decomposed into normal mode form

2.2 Possible geometrical choices (Sect. 3.2), and suitable boundary conditions are derived
(Sect.3.3.

Brugge et al(1987) have developed a numerical Q-G model
for simulating multi-layer flows in a rectangular channel. 3.1 Derivation from first principles
However, their model is not particularly suitable for simu-
lating the flow in the laboratory annulus, for the following The annulus to be modelled is shown schematically in Eig.
reasons. We use cylindrical polar coordinates=(r, 6, z). Thez-axis
First, the channel equations with periodic azimuthalis coincident with the rotation axis. The fluid is bounded by
boundary conditions are a good approximation to the annua base of mean vertical positiga=0, a lid of mean vertical
lus equations only if the width of the annular gap is much positionz=2H >0 and cylindrical walls at=a andr=>b>a.
smaller than the mean radiusifng, 1979. With this condi-  The base and lid linearly deviate from their mean vertical
tion satisfied, the curvature becomes negligible and it wouldpositions bydhet(r) and diop(r). We define the constants
be possible to justify the use of a channel model to simulatesyor=0ddhot/dr and siop=ddiop/dr. The two homogeneous,
the flow in an annulus. For typical laboratory annulus exper-immiscible layers have constant densitigs,kinematic vis-
iments, however, the condition is not satisfied. cosities,v; and mutual interfacial tensior. We use the
Second, channel models have additional shift-reflect sym-oceanographic convention thatl refers to the upper layer
metries not present in annulus modeBaftaneo and Hart andi=2 to the lower layer. The undisturbed fluid interface is
1990. This is because, although the annulus and peri-atz=H and the disturbed fluid interface isatH+n(r, t).
odic channel are topologically similar, the geometry of their The acceleration due to gravity g The base and sidewalls
boundaries is fundamentally different. For example, there isrotate about the axis of symmetry with angular velogity
areflect symmetry in the channel, in the plane that is equidisand the lid rotates about the axis of symmetry with angular
tant from the sidewalls, but there is no analogous symmetryelocity Q+AQ.
in the annulus.Kwon and Mak(1988 show that the exis- In the frame that rotates with the base, the four funda-
tence of such additional symmetries in the periodic channemental equations for the pressuge(r, t), and the velocity,
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dpotk H, diop< H and¢; < f), after rearrangement we ob-
d op T Q +AQ $ g ian
- 0 NAY
z=2H Jﬁ\ /L|J/ (5 - V) q1= =" 51+ a6 — 6]
pl 1
VR
v, a, +2AQT”1 )
S and
=R [/ 0 V2
2=H /\ <3—+u2'V)q2=— I RPN I )
t H
p2 wherey;=.,/vi/(/v1+./v2) and wherey, (, 6, t)/H are the
v 0 perturbation potential vorticities (PPVs) given by
2
J T —d
z=0 4 m\\s! q1(r,0,1) = &1+ M (1)
d bot (T:| I I and
—d
G2(r, 0. 1) = &2 — w . (8)

Fig. 2. Schematic diagram showing a vertical cross-section through

the two-layer annulus. The dashed line shows the resting interface 10 complete the derivation, we write all of the dependent

height. See text for definitions. variables (i.eu;, & andn) in Egs. 6)—(8) in terms of the
streamfunctionsy; (r, 0, t), defined by

u;(r,t), are the Navier-Stokes equations, uj g = % 9)
' ar
8 .
%—{—(ui-V)ui—i—ZSlxui—}—Slx(SZxr) and
1 10y
=——Vpi +viVeu; +g, Q) wir=—-—r. (10)
Pi r 00
and the equation of volume conservation for the incompressThe streamfunctions are defined here only to within arbitrary
ible liquids, additive constants, which will be discussed in S&cR.2
The vorticities are given by
A\ u;, = 0. (2) 2
& =V . (11)

Defining the vorticity byw;=V xu;, we take the curl of ) ) N
Eq. (1) and use vector identities to obtain Assuming hydrostatic balance and nearly equal densities, the

interface height perturbation is given in terms of the stream-

O L Ve = [2R + ;) - Vug + v V20, , 3) functions (to within an additive constant) by

" . . L. . . 2 <2 f I"ZQZ
the z-component of which, in the fluid interiors (i.e. away 7 — 4, Vn = = (2 — ¥1) + oyl (12)
from the boundary layers) where the flow is assumed to be J J
columnar and inviscid, is whereg'=2g(p2—p1)/(p2+p1) is the reduced gravity. The
9%, u; . Laplacian term invoIv_ingamzm represents
o1 + ;- V)& =(f+ &) az’ , (4) the effects of interfacial tension for an interface of small
curvature.$,, is the characteristic static meniscus width, as
whereg; is the z-component ofw;, f=2Q is the Coriolis  can be seen by considering solutions to Ekp) (vhen the
parameter and; . is the vertical velocity. tank is at rest (i.e2=0) and the fluid velocities are zero
We next vertically integrate Eq4) over the fluid interi-  (i.e. ¥;=constant). When given th¢;, Eq. (L2) is a forced
ors, parameterizing vertical Ekman pumping and suction ve-Helmholtz equation for, where the boundary conditions are
locities (Gill, 1982 at the lid, base and interface, which are the slopesgn/dr, at the sidewalls, which are related to the
all assumed to have small slopes. Assuming that the Ekmainterface contact angle. We require an explicit formularfor
layer depths are much smaller than the total layer depths, andnd so we seek a first-order solution to the Helmholtz equa-
making the usual quasi-geostrophic assumptionsi{keH tion for weak interfacial tension, by estimating tkié, term
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in Eq. (12) using the solution fo whens,, = 0. This ap-  potential vorticity by the rotating lid, communicated to the

proach gives interior by the Ekman layer. The terms on the right side of
B Eqg. (15) have a similar interpretation, except that there is no
n= 1(1 +82V2) (Y2 — v1) + ree” . (13) explicit forcing term in this case.
g 2g Equations 18) and (L9) are similar to the relationships be-

tween potential vorticity and streamfunction in the channel

where 1 ands2 V2 are the first two terms in a power series : .
solution. On simple grounds, the series would be expected tcr)nOdeI ofBrugge et al(1987), except that our equations in-

s S . lude interfacial tension, and thedy term has been replaced
nverge rapidly 652 V2 which is th 8222 " ’ . ;
converge rapidly i, V=n <, which is the case i, <a with our g*r2 term. Theg*r2 term is the quadratig-effect.
for waves of wavelengthh.. We expect waves to form on

the scale of the internal Rossby radiydg H/| £, and so It is equal and opposite in the upper and lower layers, cor-

the convergence criterion becomisf2/g’ H <1 ' This is responding to the fact that depth increases in one layer are

equivalent taF 1 «1 whereF=f?(b—a)?/g'H is tr;e Froude accompanied py qual dgcrgases in the other layer.

number and'=52 /(b—a)? is the interfacial tension number Upon_non7d|men3|onallzi\'§|on of Eqs4), (19), (18) and

(Appleby, 1982 (19), using time scaléAQ)~ and horizontal length scale
We fin:ally substitute Eqs9j—(11) into (5) and 6) to ob- (b—a), definitions of Froude number, dissipation param(_eter,

tain the two coupled partial differential equations governing Rossby number, Reynolds number, Ekman number and inter-

the evolution of quasi-geostrophic motions in the two—layerfaCIaI tension nymbgr appear natu_rally. We choose to code
annulus QUAGMIRE using dimensional units, however, and there-

fore do not carry out the non-dimensionalization here. The

D Vi, 2 advantage of using dimensional units is that the link to the
<§)1q1 T TH [V Vit xeVie - 1/’2)] laboratory annulus is immediate and clear. The disadvantage
IAQ/CI] is that the non-dimensional parameters need to be computed
+T (14) separately.

We now list the assumptions that were required in order
and to derive Eqgs. 14)—(19). It is important to bear these ap-
proximations in mind, since they limit the applicability of

D VR
(E) q2=— HUZ [Vzlﬂz + x1V2(1ﬁ2 - 1/f1)] . (15 the model. We assume:
2

The total derivative operators are given by incompressible fluids;

D o 1oy; 0 10y; o
e A e LA 16
<Dt>i ot r 09 or * r or 06 (16)

vertically-columnar fluid interiors;

inviscid fluid interiors (i.e. Reynolds numbgs1);
and the horizontal Laplacian operator is given by

) ) linear Ekman pumping and suction;
0 19 19

=2 rar T rZae?

By substituting Egs.1(1) and (3) into Egs. ¥) and @) we

v2 (17)

N<H, dporkH, diop<KH;

— VnIK1, |sbotl <1, [stop| <K1;

obtain
X f2 - — Ekman layer depth& H;
g1 =VY1+ ,—H(1+ VW2 — ¥1)
8 — &<« f (i.e. Rossby numbexk1);
fr?Q?  fdiop (18)
H 2g H — hydrostatic balance (i.e.iD/Dt«<g);
and - g'<s;
f2
g2 = V2 — i SaV2) (Y2 — Y1) - FILL;
fr2Q%  fdpot 19 — passive Stewartson layers that do not exchange fluid
H 2g H (19) with the interior; and
On the right side of Eq.14), the term in square brackets  _ Stewartson layer width&b—a.

represents spin-up/down by the frictional Ekman layers at the
lid (V2yr1) and interface Y2(y1—12)). The remaining term  The final two assumptions are not discussed until S38f.
is the (constant) forcing term, and represents generation abut are included here for completeness.
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There is an equilibrium solution to Eqsl4)—(19) of the The total derivatives in Eqs28) and @4) advect according
form u; =0 andu; ¢g=rAQ;. Substituting allows us to de- to the perturbation streamfunctions, i.e.
termine the interior solid-body rotation rates,

D o 1oyl a 10y 9

— ) = -t — 4 ——t— 27
ALy 2+ x (20) (Dt)i, ot r 96 or +r ar 96 @7)
e A = sl
and ot o
A 1 Equations 23)—(26) are the nonlinear model equations, dis-
Ao 20+ 1) (21) cretized versions of which QUAGMIRE solves numerically.

The constant forcing term in Edl4), which represents forc-
where x=./v2/v1. The corresponding interface height (to ing of the full flow by the lid rotation, has been replaced in
within an additive constant) is given by E4.3j to be Egs. €3) and @4) with more complicated non-constant forc-

ing terms, which represent forcing of the perturbation flow by

Q2r? 1 AQ/Q the equilibrium state and the bottom and top topography. An
2g ( AT ) ' analytical assessment of the stability of small perturbations
] . . o could begin by linearizing Eqs28) and @4), i.e. discarding
Equations 20)-(22) describe the basic equilibrium state s advection terms, but we retain all of the nonlinear terms
upon which baroclinically-unstable perturbations may grow.;, QUAGMIRE.

We refer to this state as the mean flow and we label the corre- 1 perturbation velocity fields are given in terms of the
sponding streamfunctions and PP¥sr) andg; (r), respec-

= (22)

perturbation streamfunctions by

tively.
Governing equations for perturbationg;/(r, 6, 1) and , v/
gi(r,0,1), to the mean flow are obtained by substitut- Uiio = 3, (28)
ing vi=vy;(N+¥/(r,0,1) and ¢;=q;(r)+q/(r,0,1) into and
Egs. (4)—(19) to obtain
19y
WV u,  =-—--—"~L, 29
(%) == [P+ eV - )] YT e )
' 3a! which are the perturbation forms of Eq8) @nd (0). The
_Agzlﬂ perturbation interface height field is given (to within an ad-
90 ditive constant) by
L (2-82)
20 \g ") 90 o =L+ s2vhw— v, (30)
fStop 3’»”1 §
I e (23) o .
rH 96 which is the perturbation form of EqLg).
and 3.2 Normal mode decomposition of the diagnostic equa-
J tions
(D%) = -2 [V + a2 - )]
2 S0l Given ¢/ andg; at any time, we may evaluatéy; /o at
_Agzﬂ that time using the prognostic equation23)(and @4).
a0 There are contributions to the PPV tendency from advection
_f_2 <§ 3 AQ) Ay (J(¥!. g)), forcing (3/36) and dissipation ¥2). We may
2H \ g g ) 90 use the tendency to determipgat a short time in the future.
Fsbot V5 We may then invert the diagnostic Helmholtz equatio5) (
H 90 (24)  and @6), in order to obtainy/ at the future time. Finally, we
may begin the loop again using the updated fields. This is
where how QUAGMIRE integrates the model equations.
2 The Helmholtz equations29) and @6), are coupled. The
gy = Vi + Jj (14 82V2) (Yh — 7)) (25)  inversion is made easier by first re-writing them in vertical
g'H normal mode form in order to remove the coupling. We take
and the sum and difference of the equations to obtain, respec-
tively,
i 2.7 f2 22 I I
gp = VY — o H A+ 6mVIWo —¥y) . (26) V2, + V) = ¢4 + gb (31)
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and

2 2
V2 — ) — Citccg,LH(wé — ¥1) = Citee(g2 — q1) » (32)

where Cjicc is an interfacial tension correction coefficient
given by

1
1-(2f282)/(g'H)

We know that (262 /g’ H<1 (Sect.3.1), and soCic is
slightly larger than unity, and is exactly equal to unity if the
interfacial tension is zero.

Defining the barotropic (bt) and baroclinic (bc) vertical
normal mode variables to be

Citec = (33)

W =¥1+ V2, (34)
Wpe =¥ — ¥y, (35)
O =aq1+42, (36)
Q;;C = Citcc(C]é - Q;/L) , (37)

then Egs. 81) and B2) both become uncoupled Helmholtz

equations of the form
VW A, =0, (38)

where m=Dbt, bc.
Aoe=2Citcc f2/8'H.

The eigenvalues aré.,;=0 and

19

\iﬂfn (r) when givenQ/;;, (r). The inversion process required
in order to obtainy/(r, 6) from ¢/(r, 0) is therefore summa-
rized (with the relevant equation numbers in brackets) as:

36)& (37) 40 A
g, —  On — O
i )

4 ~

We could finally perform a third normal mode decomposi-
tion, this time in the radial dimension, by projectiﬁg%(r)
and Q" (r) onto the eigenfunctions of the linear operator on
the left side of Eg.41). The baroclinic eigenfunctions are
modified Bessel functions of orderin the scaled radial co-
ordinate,7=+/Apcr (Boas 1983 and the barotropic eigen-
functions are of the form*”. However, this approach would
force the streamfunction and PPV to satisfy the same bound-
ary conditions, for which there is no justification. QUAG-
MIRE therefore solves the radial structure equation directly
rather than projecting onto the radial modes.

3.3 Perturbation streamfunction boundary conditions for
the continuous equations

We now perform a second normal mode decomposition,

this time in the azimuthal dimension, in order to further sim-

We must now choose boundary conditions to apply to the

plify the solution of the Helmholtz equations. At each time perturbation streamfunction when integrating Ef)( The

step, we expand

o0
v (r,0) = Z \il/fn(r)e“ﬁl"g

(39)
n=—o00
and
) ~
0, =Y Om@e’ 1, (40)
n=—oo
SinceV,, (r, 6) and Q) (r, 0) are real, the complex functions

v’ and Q' ;atisfy W =’ "y* and Q./{;lz('Q’,;")*,
where the asterisk represents complex conjugation nE@e

term is the mean flow correction, which is a correction to the; ¢,/

equation was derived under the assumption of inviscid flow.
Therefore, it cannot describe the thin, viscous Stewartson
layers of widthsg that exist at the lateral boundaries, and
applies only to the fluid interiorg+38s<r<b—385. We as-
sume thatsg<«a and§s<b so that we may still write the
integration range ag<r<b, but now when we refer to=a

or r=b we mean the boundary between the fluid interior and
Stewartson layer rather than the sidewall.

There are a number of possible boundary conditions. To
impose passive Stewartson layers that do not anywhere ex-
change fluid with the interior, we would apply the im-
permeability condition to the radial perturbation velocity,
ylr=a, =0, ¥ 6, i, which in the normal mode vari-

1

mean flow that is generated by nonlinear self interactions Ofables’corresponds to Dirichlet boundary conditions
the waves. It is equal to the zonal average of the perturba-

tion quantities, as can be seen from the zonal integration oft’" |,_, , = 0,

Egs. B9) and @0). Then#0 terms represent wave (or eddy)
components. Substituting Eq89j and @0) into (38) gives
the radial structure equation,

2.5
asw'n
dr?

1dim
r dr

I’lz A A
~(dm+ 5 ) ¥ =000 . (41)
r

This complex ordinary differential equation must be solved

for each combination of vertical modesg{bt, bc}, and az-
imuthal modesne{0, £1, 2, ...}, in order to determine

www.geosci-model-dev.net/2/13/2009/

Yn#0m. (42)

The mean flow correction velocity:£0) is purely zonal
and so automatically satisfies impermeability. Impermeabil-
ity alone is therefore not a sufficient condition to uniquely
specify a solution. No-slip boundary conditions for the zonal
perturbation velocity, i.eu;’ glr=a, »=0, V 0,1, correspond
in the normal mode variables to the Neumann conditions,

dw’n
dr b

r=a,

0} (43)

Yn,m.

Geosci. Model Dev., 23232009
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The equilibrium solid-body rotation flow about which we nonetexchange of fluid due to the perturbation flow between
perturb satisfies impermeability but does not satisfy the no-each Ekman layer and the Stewartson layers, althdnzgi
slip condition. exchange is allowed.

Since we are solving a second-order differential equa- Next, we derive a consistent and plausible set of bound-
tion, only two independent boundary conditions are requiredary conditions for the quasi-geostrophic annulus, which do
We cannot therefore impose both impermeability and no-slipnot lead to non-physical behaviour, by considering inte-
flow at both boundaries, as that would require four indepen-gral properties of the prognostic (Se8t3.1) and diagnostic
dent conditions. The over-constrained nature of the PP\VSect.3.3.2 model equations.
inversion in Q-G models has been discussedwWiiliams
(1979. A comprehensive study of the comparative effects3.-3.1 Integral properties of the prognostic equations

of using no-slip boundary conditions, rather than the moreC ider th . | of th bation PPV tend
traditional free-slip conditions, is described byundt et al. Onsl er the area-integra 0 the perturbation tenden-
(1995. cies over the annular domain,

We must use a reduced set of boundary conditions, but We[2 q;
=

T rb g
i
must choose carefully and consistently which conditions to O/r:a ar drds, (45)

retain and which to abandon, in order to avoid non-physical, g given by the prognostic equatiorz3(and @4). The forc-
behaviour. We are, of course, free to employ different boundnq (5 /56) terms integrate to give zero unconditionally. The
ary conditions for the different normal mode components 5qyection (¥, q))) terms integrate to give zer&&lmon

specified byn andn. and Talley 1989 if
The debate over suitable lateral Q-G boundary conditions_

has had a long and contentious history in the literature.””i
In the classic periodic channel models Bhillips (1954 90
1956, Eq. @2) is applied to the waven(£0) components
and Eq. 43) is applied to the mean flow correction=£0) or s
component. The latter condition is not imposed (but the for—[ i
mer is retained) byhillips (1963 andPedlosky(1964), but o Or

Mcintyre (1967) shows that relaxing the mean flow correc- The conditions46) and @7) are equivalent to impermeabil-
tion boundary condition leads to a spurious, unspecified enyty for the waves and no-slip for the mean flow correction,
ergy flux through the sidewalls. The condition is included g5 griginally used byhillips (1954 1956. With these con-
again byPedlosky(1970, but replaced irPedlosky(1971) itions, the horizontal-mean PPV in each layer is conserved
and Pedlosky(1972 with an ad-hoc condition chosen for py the continuous equations and there is no spurious energy
mathematical convenienc&mith (1974 points out that the  fjyx we choose to apply these conditions in QUAGMIRE,
resulting non-physical energy source might invalidate Ped-gycept that the latter condition leads to an ill-posed PPV in-

losky’s results, and repeats Pedlosky’s calculations with theersion for the special casef0 andm=bt, as we will now
proper boundary condition retaine®rgith and Pedlosky gge.

1975 Smith 1977). More recent studiesAppleby, 1982
Yoshida and Hayt1986 Lewis, 1992 Stephen1998 have  3.3.2 Integral properties of the diagnostic equations
avoided the spurious energy flux by applying both conditions

—0. (46)

r=a, b

The dissipation¥?2) terms integrate to give zero if

d9=0. (47)

r=a, b

in full, as done byPhillips (1954 1956). Equation 41) for the barotropic mean flow correction is
An informative interpretation of Phillips’ mean flow cor- 2,0 §/0
. . . d°w bt 1dv bt A0
rection boundary condition has been givenlmvey(1979. + - =0t - (48)

. " dr2 r dr
For non-zero zonal perturbation velociti@$,, |-, », at the

boundary between the interior and a Stewartson layer, therg'n_ce’\btzo andn=0 for this case, one of th(_e terms in th(_a
will be a corresponding return volume flux between the Ek- radial structure equation has vanished, making the left side

man layers and the Stewartson layer due to the asymmetry itk exa}ct derivative. Equatiod) can therefore be integrated
the Ekman spiralRedlosky 1987, which will have a non- analytically between=a andr=b to give

zero radial component proportional & ,|,—a, 5. We can dwp, dwd,
therefore ensure that there is no net build-up of mass in thé dr |, 4y
Stewartson layers by setting -

b
=f Q’gtrdr. (49)
r=a a

In QUAGMIRE, we choose initial conditions for which the
horizontal-mean barotropic PPV is zero, and it is then guar-
anteed to remain zero at all times, as shown in S28t1
This means that we need only explicitly set

2
f W) glrea pd0 =0 Vi. (44)
0

This condition is automatically satisfied for the waueQ) .
components, and is equivalent to E43) with n=0, which dkll’gt

is the condition used by Phillips. With this condition, thereis ¢, =0 (50)

r=a
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Table 1. Summary of boundary conditions applied to the stream- j=2
function when integrating the continuous equations. Because the
diagnostic Helmholtz equation is second order, two conditions (one:
at each boundary) are required for each combination of vertical and
azimuthal normal modes, denoted/ayandn respectively.
n=0 n#0 Ar 2 % | <X Ar/2 ji=1
ai .
wrﬂ =0 ‘I’/zz|r=a =0
r=a
m = bt
Yolr=p =0 | W l—p =0 j = Nazim
T,/n
Rl —o| ¥l =0 _ S
r —a Fig. 3. Definition of the numerical grid. Grid points are denoted
m = bec B by crosses. Grid boxes are denoted by dashed lines. The two cylin-
i’ ) drical boundariesr=a andr=b) are denoted by solid lines. The
. =0 | Vn|=p=0 dimensions of typical grid boxes, both in the interior and at the
r=b boundaries, are shown.

by adding a suitably-chosen constant to one of the stream-
function fields when model diagnostics are plotted, and not
as a boundary condition during the inversion.

=0, (51) A summary of the boundary conditions that we must ex-
plicitly set when integrating Eq4q) is given in Tablel. With

from Eq. @9). If we explicitly impose both§0) and 61)  these conditions, the sidewall boundaries are impermeable to

when solving 48), we will have an underconstrained and ill- €ach component of the flow, i.e. the solid-body rotation equi-

posed problem. We need an additional constraint to close thébrium flow, the mean flow correction and the wave compo-
solution. nents. The boundaries are slippery to the solid-body rotation

We have defined two streamfunctions in the model — one/l0W and the wave components, but no-slip to the mean flow

per layer, or equivalently, one per vertical normal mode —correction.

and each of these has an integration constant associated with

it (Sect.3.1). Just because these two arbitrary constants have

no physical meaning does not mean that they do not need ta  pjscretized equations
be defined in the numerical model. Now that we know that

Egs. 60) and &1) are not independent boundary conditions, We derived in Sect3 a set of partial differential equations

and tr(ljerefore th_at 2) expl|_C|tIy Impose bor':h would Iealq tcl) and boundary conditions that are both physically sensible and
an underconstrained PPV inversion, we choose to explicit yWeII-posed. We now discretize the equations so that they

Impose 9”!3/ Eq.%0). We then take the'opport_unlty to US€ are suitable for numerical integration on a computer. We
the remaining degree of freedom associated W'th, the so","t'o'?hust take great care to ensure that the discretized equations
of Eq. @8) to def!ne one Of. the streamfunction integration and boundary conditions retain the important properties pos-
constants, by arbitrarily setting sessed by the continuous equations. In particular, it is im-
portant that they satisfy discretized analogues of the integral
properties discussed in Se8t3.

and we will automatically have

3,70
v’
dr r=b

B0y =0, (52)

which completes the set of two boundary conditions for the
m=bt, n=0 component, and gives a well-posed problem. 4.1 The numerical grid

Incidentally, the second streamfunction integration con-
stant is defined by requiring the mean interface perturbatiorhe regular grid on which we discretize the equations is
to be zero using Eq1Q), which follows from volume conser-  shown in Fig.3. The grid consists oN54 points in the ra-
vation for either layer. This requirement is imposed off-line, dial dimension (including one point on each boundagya
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andr=b) and Nazim points in the azimuthal dimension. We which is a discretized version of the conditioAg), for the

define continuous case.
b—a It is tedious but straightforward to show that the five-point
Ar = (53)  discretization of the Laplacian (whose continuous definition
Nrag— 1 . . R
is given in Eq. 17) for reference),
and .
o [ j,k
A = , (54) YA+ L) =29'G, )+ Y =1, k)
Nazim - (Ar)z
and then we have Y+l 5,k —y'@—1,j,k)
r@)=a+G—-DAr, i=12.... Nad (55) AR N
+ 1///(17] +l5 k) _zw/(l’jv k)+‘(///(lv,] _l’ k) (60)
and [r()) A6 ’
0(j) = jAb, j=12,..., Nazim- (56)  with ghost point valuesy/’(0, j, k) and ¥/ (Nrag+1, j, k),

o o . o given by linear extrapolation,
The point(i, Nazim+1) is identical to the poin{i, 1). We

define the perturbation streamfunctigri(i, j, k) and PPV /2, j k) — v'(1, j, k) =

q', j. k) /at eacb of these points in each !ayé&@., 2), W (L k) — (0, j, k) 61)
so thaty/’ and ¢’ are co-located on the grid. The area

of the grid box with coordinatesi, j) is approximately and

[1-28: 1— 38, Nyaglr (1) Ar AB, wheres, , is the Kronecker / . / .

delta function. V¥ (Nrad+ 1, j, k) — " (Nrag, J, k) =

1/f/(Nrad, J. k) — 1ﬂ/(Nrad -1,j.k, (62)

satisfies Eq.X7) if
In the continuous case, we chose perturbation streamfunc;v _
tion boundary conditions such that each of the three con-<=" ¥'(2, j, k) — ¥'(1, j, k)
tributions (advection, forcing and dissipation) to the area- & Ar
integrated perturbation PPV tendency was zero. We would =
now like to choose discretizations of these contributions, to-and
gether with discretizations of the boundary conditions, for ,,
which this statement still holdsxactly If our discretization f:m V' (Nrad, Jj, k) = ' Nraa = 1. J.6) _
only conserves the mean PPV approximately, then there is Ar
the possibility of a non-physical and explosive increase in the
PPV, even if the error is small, due to the compound effectswhich are discretized versions of the conditio#i7)( for the
of many time steps. Following Se@.3.1, we therefore next  continuous case. There will be a small error in the value
examine the discretizations and boundary conditions neces?f the calculated discretized Laplacian at the boundaries due

4.2 Prognostic equations

-0 Vk (63)

Vi, (64)
=1

sary to ensure that to the assumption of linearly-extrapolated ghost points, but

there is apparently no other way to discretize the Laplacianin
Nrag Nezim 1 1 o . such a way that analogues of its integral properties are fully
; 2‘; [1= 501 = 50iNeaal £ J. k) (D) ArAf = 0(57) preserved. The assumption of linearly-extrapolated ghost
1= J=

points appears to be inconsequential, because we find good
for k=1, 2, where f(i, j, k) is, in turn, the discretized az- agreementbetween model and laboratory flows (see Gect.
imuthal derivative, Jacobian and Laplacian. ) ) ]

The centred, second-order discretization of the azimuthaft-3 Diagnostic equations

derfvative, The discretized versions of Eq89) and @0) are
"G, j+L k) =y, ] -1k
fi = LEIELO V@ 210 (58) N1 |
2A60 qu/ﬂ(l’]) — Z W/fn(i)eznm]/NaZim (65)
satisfies Eq.§7) unconditionally, as in the continuous case. n=0
The second-ordekrakawa(1966 discretization of the Ja- and
cobian satisfies Eq5() if
Nazim—1
"GP+ L k)— G, gk PGy — A iy 2w/ —1nj/Nazim
v, j+ A)G VG R Viki=1 Nag. (59) @nl:d) 2(:] 0" (i)e . (66)
n=
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The summations have been truncated, compared to 89)s. (
and @0), because there are onNyim independent Fourier

23

The Nyag—2 equations, {1), together with 2 boundary
conditions, complete the set df,4q equations in théVyaq un-

components associated with the discrete Fourier transform d{nowns,\il”,’n (i) fori=1, 2, ..., Niag. These linear equations

a series ofVazim numbers.
BecauseV), (i, j) is real, we have
W N (i) = @7, (i)]* (67)
for n=1,2,..., Nazim—1. We choose Ngzim to
be even, and then we need only explicitly solve
Eq. @1 for n=0,1,2,..., Nazim/2. Solutions for
n=Nazim/2+1, Nazim/2+2, ..., Nazim—1 are given in
terms of solutions fon=~Nazim/2—1, Nazim/2—2, ..., 1 by
Eq. 67), halving the processing time required for the PPV
inversions.
Nyquist wavenumbetyazim/2.

X
In terms of the normal mode variables, the discretized

boundary conditions,50), (63) and 64), reduce on substi-
tution into Eq. 65) to

¥ (1) =0
Loom v
& (Nrac) = 0 } m,n #0 (68)
and
\i-’/() (1) \AI,/O (2) }
"M N m Vm. 69
B0 (Nrag) = W' (Nrag— 1) " (69)

We now consider the discretization of the radial structure

equation, 41). Using centred three-point finite differences at
the interior pointsj=2, 3, ..., Nyag—1, we obtain

G (i —1) — 297 (i) + 977 (i 4+ 1)

(Ar)?
WG +1) -7 G- 1)
2r(i)Ar
n2 TR An -

Re-grouping terms according to grid points gives

a” OV —1) + y OV @) +at Y G+ D)
= Q' () (Ar)?, (72)
where the dimensionless quantities andy are given by

Ar

of() =1+ 50 (72)
and

n2
y(i)=—2— [xm + W] (Ar)?. (73)

In Cartesian geometry we would hawé (i)=1.

www.geosci-model-dev.net/2/13/2009/

The maximum resolvable wavenumber is the

may be written in matrix form,

bdy bdy
a (2 y(2 at (2
a=(3) y(3) at (3 -
a4 y@ at@) -

a (5 y(5) -
o' (1) 0

@ Q' ((Ar)?

' (3) Q" (3)(Ar)?

@ | = | on@an? | (74)
g (5) 0" (5)(Ar)?

where the zero elements in the tridiagoMhgx Nrag ma-

trix have been left blank. The two elements labelled “bdy”
are boundary condition elements, dependent up@andn.
There are two further such elements in the right-most two
columns of the bottom row.

4.4 Perturbation streamfunction boundary conditions for
the discretized equations

In the continuous case, we found that the boundary con-
ditions for the barotropic mean flow correction component
(m=Dbt, n=0) were ill-posed as originally stated, and re-
mained so until we replaced a redundant boundary condition
with an equation to define an integration constant. This hap-
pens in the discretized case, too: the square matrix in72y. (
is singular for the barotropic mean flow correction, when the
boundary condition elements (labelled “bdy”) arel, 1) in
the top row and1, —1) in the bottom row. The analytical
proof of this, which involves showing that a certain linear
combination of rows is zero, is tedious but straightforward.
By analogy with the continuous case, we replace the two
boundary condition elements in the bottom row with 1)
to define the integration constant by setting the streamfunc-
tion for this component to zero on the outer boundary, and
then the matrix is no longer singular.

In the continuous system, we set the-0, m=Dbt nor-
mal streamfunction derivative to zero at one boundary and
found that, if the mean barotropic PPV was zero, the stream-
function derivative would automatically be zero at the other
boundary. Importantly, in contrast with the continuous sys-
tem, this statement does not hold exactly for the discretized
system. This is because” (1) and Q" (Nrad) do not ap-
pear in Eqg. 74): we do not apply the discretized differential
equation at the boundaries, because we need to use these two
degrees of freedom to impose the boundary conditions.
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Table 2. Summary of the boundary conditions applied to the 4.6.1 Time stepping

streamfunction when integrating the discretized equations. The . .
analogous conditions for the continuous case are given in Table For the time stepping we use a leapfrog scheme wiRblaert

TAfter the inversion, &' (Nyaq) is redefined by’ (Nrag) — (19660 three-level tir_ne filter applie(_:i at each time step, to sup-
press the computational mode splitting between even and odd

steps Mesinger and Arakawd 976. At each step, of size
At, g'*t1is determined at each grid point using the leapfrog

¥’9 (Nrag — D=0, as discussed in the text.

n=0 n#0 scheme,
qH—l = qt_l + 2At qttendency’ (75)
/n y/n _ I,/n _
m = bt Win(2) = 9 (1) =0 Vin() =0 and then the value af is adjusted in such a way as to move
- . . it closer to the mean af’~* andg’*2, according to
‘I”/:ln(Nrad) = OT \I"% (Nrad) =0 Of d 9
t—1 t+1
+
o - . ¢ —q+R(T—ZT——4'). (76)
b @) -9y =0 (1) =0 2
m = bc
W' (Nrag) — W' (Nrag— 1) =0 | &% (Nyag) = 0 The old value of;’ is abandoned and the new, filtered value

is used in its place. The Robert filter parametRs; 0, is
chosen to be as small as possible whilst still suppressing the
leapfrog decoupling.

The error corresponding to this F_’PV leak is small, but4.6.2 Time-lagged diffusion
even small errors can grow to dominate the solution after

a large number of time steps. To fix this problem with \ymerical solutions of the simple diffusion equation, us-
the barotropic mean flow %orrectlon, we discard the outefing the leapfrog scheme for the time discretization and a
o ; .
boundary streamfunctiod’y(Nrad), obtained through in- e centred, three-point finite difference for the space dis-
version of Eq. (4/)0 and define a new value for it by set- creization, are unconditionally unstable due to a computa-
ting W'y (Nrag)=V'p(Nrag—1). This ensures that the bound- 5| mode Haltiner and Williams 1980. To avoid this in
ary conditions, §9), required for conservation of horizontal- QUAGMIRE, we time-lag the diffusion terms by one time
mean I_DPV are satls_fled exaptly. The consequence Is Fhat thﬁep when evaluating the right sides of the discretized ana-
discretized differential equation/@), is not exactly satisfied logues of Egs.Z3) and @4). This means that, when evaluat-
at the p(_)intN_rad—l. The imposed boundary conditions are ing the PPV tendency, we calculate the forcingag) and
summarized in Table. advection {(y/, ¢))) terms using the fields at the current
time step, but we calculate the diffusioR?) terms using
4.5 Relaxation the fields at the previous time step.

Instead of (or in addition to) the mechanical forcing imposed4-6-3  Hyperdiffusion
by the differentially rotating lid, QUAGMIRE includes the
option of relaxing the flow towards specified perturbation
streamfunction or perturbation potential vorticity fields. If
relaxation to a specified perturbation streamfunction is acti
vated, then the perturbation streamfunctinimusthe relax-
ation perturbation streamfunction is used in the computatio
of the diffusion and hyperdiffusion terms. If relaxation to a
specified perturbation potential vorticity is activated, then the
perturbation potential vorticity is relaxed towards the relax-
ation perturbation potential vorticity at a prescribed rate.

To represent sub-gridscale effects we add a hyperdiffusion
term to the right sides of the prognostic equatio28) @énd
(24), as is usual in numerical models (eLgwis, 1992).

At first, a fourth-order streamfunction hyperdiffusion
nterm, vhyperV41ﬂ{ , was tested, but significant gridscale fea-
tures were always found to form at the lateral boundaries
whenever the model was run. This is because during the
PPV inversion, any gridscale features in the PPV field will
give rise to corresponding gridscale features in the perturba-
tion streamfunction field, and then thgypeV4y’ contribu-

) tion to the PPV tendency will tend to damp out these fea-
4.6 Numerical methods tures in the PPV field. Unfortunately this does not happen at
the boundaries in the discretized system, because boundary
We now discuss the time-stepping scheme (Skétl), the  values of the PPV are not used when performing the inver-
need for time-lagged diffusion (Sedt6.9, and the approxi-  sion: as already discusse@ffn(l) and Q’ﬁl(Nrad) are miss-
mate representation of unresolved features using hyperdiffuing from Eq. 74). Values of PPV are able to feed back into
sion (Sect4.6.3 and stochastic forcing (See.6.4. the PPV tendency field only at interior points, and there is
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nothing to suppress gridscale features in the PPV field at thd.8 Summary of numerical scheme
boundaries.

To avoid this, we instead use second-order hyperdiffusionFlow charts summarizing the details of the QUAGMIRE nu-
applied to the PPV, by adding a temperVZ%{ to the prog- ~ merical integration scheme are shown in Figand5. Given
nostic equations. This term is also time-lagged by one timethe PPV fields at times—1 andz, we invert to obtain the
step, as discussed above. The hyperdiffusion term does ngtreamfunction fields at those times, which then allows us to
exactly satisfy Eq.§7), but the error is very small: the con- calculate all the contributions to the PPV tendency. We per-
tribution of the hyperdiffusion term to the horizontal-mean form a leapfrog time integration to obtain the PPV field at
PPV tendency is typically 13° s=2. In order to keep the timez+1, and then modify the PPV field at timeby apply-
model solutions as close as possible to the exact solutiondnd a Robert filter. Once we have obtaingd) andg’(t+1)
we periodically reset the horizontal-mean PPV to zero infrom ¢'(—1) andq’(¢), we discardg’(r—1) and ¢'(r—1),
QUAGMIRE, by adding a very small constant whose value We writeq'(t) andy/'(¢) to disk if required, then we re-label
is chosen to satisfy this requirement. t—t—1 and begin the loop again. Note that the streamfunc-

tion and PPV must be kept in memory at three consecutive
4.6.4 Stochastic parameterization of sub-gridscale effects time steps.
The system state is completely determinedyldy Note
As an alternative method for representing sub-gridscale efthat the system state is also completely determined’by
fects, there is the option of a simple stochastic parameteritogether with the boundary conditions, because EBS) (
zation in QUAGMIRE. Such parameterizations are increas-and £6) are uniquely invertible. It is not necessary to write
ingly used in numerical models, with the recognition that the both ¢ andq’ to disk in order to have a complete descrip-
additional degrees of freedom they introduce may be abldion of the system, therefore. Nevertheless, we choose to
to compensate, at least partially, for the degrees of freedonsave both fields, in order to reduce the need for further cal-
missing from filtered models. Stochastic forcing is neces-culations when plotting model diagnostics.
sary to capture regime transitions between different baro-
clinic wave modes (nominally due to sub-gridscale inertia-4.9 Suitable values for the numerical parameters
gravity waves), which are apparently not captured by the hy-
perdiffusion approach (e.@Villiams et al, 2004. QUAGMIRE employs Fast Fourier Transform (FFT) rou-
We choose the simplest possible form for the noise termstines, which are much faster if the only prime factors of
At each grid point and at each time step, a random numbefVazim &ré 2, 3 and 5. A typical grid might be defined by
is drawn from the uniform distribution on the intergal 1],  Nazim=2°x3=96 andNa;=2"=16, as shown in Figs. A
and then shifted to the interva-amp ampl before being suitable Robert filter parameter is usually aroue0.01.
used as an additive contribution to the PPV tendency. At eacfror givenQ and AQ, we recommend taking the amplitude
grid point and at each time step, the added random numbe?f the random initial PPV perturbation to be2/100, so
is equal and opposite in the upper and lower layers, nomithat the growth of very small perturbations is assessed; tak-
nally representing pure-baroclinic inertia-gravity waves. Theing the time stepAz, to be such that the bulk azimuthal
constant, amp, is a given amplitude with unitswhich ~ Courant numbery AQA#/A6, is 0.01; and taking the hy-
may change linearly with time in the model. The noise con-Perdiffusion coefficientynyper, to be such that the e-folding
tains no correlations in either time or horizontal position. Thetime, J/(Vhyperkﬁyquist), for damping of mid-radius gridscale
horizontal-mean random number field is enforced to be zergvaves with the Nyquist wave vect@iyquist=Nazim/ (@+b),

in both layers. is equal to one lid rotation periodzZ ASQ2.
By default, double numerical precision (retaining 16 sig-
4.7 Initial conditions nificant figures) is used for the calculations and the pick-up

dumps to disk, and single numerical precision (retaining 8
A feature of the leapfrog time-stepping scheme is that ini-significant figures) is used for the regular dumps to disk. The
tial condition fields are required at two consecutive times,factor by which relative errors in the perturbation stream-
in order to begin the integration. We choose to specify thefunction are greater than relative errors in the PPV, following
PPV fields as initial conditions. We use small amplitude ran-solution of Eq. {4), is known as the condition number of the
dom noise for these fields, seeding the system to permit thé&ridiagonal matrix in that equation. Some typical condition
growth of unstable perturbations of any azimuthal and radialnumbers for the matrices in EG74) are shown in Tabl&.
wavenumber. We generate random numbers from a unifornThe largest condition number in the system has a value of a
distribution, which we then shift to a chosen symmetrical in- few hundred, implying that only the last two significant fig-
terval centred on zero. We then subtract the mean PPV inres of the inferred perturbation streamfunctions will be un-
each layer at both time steps, which makes the fields sateertain, and that errors due to rounding are therefore small.
isfy the zero-horizontal-mean barotropic PPV condition of In order to demonstrate insensitivity to the numerical pa-
Sect4.4 rameters, comparative runs have been done with (separately)
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QUAGMIRE master routine

Read run parameters and initial fields

-4——P (i) compute initial fields internally, or
(ii) two time level restart from previous ri

OUTPUT:¢(t), ¢'(t — 1), ¢'(), ¢'(t — 1)

—————— =  MAIN LOOP

Advection
Calculate Jacobian
INPUT: ¢(¢), ¢'(t)
OUTPUT: ¢{, .4 (%)

Forcing
Add forcing terms
INPUT q/(t)v w/(t)v qgend(t)
OUTPUT: ¢[,4 (%)

Dissipation
Add Ekman layers and numerical diffusion
INPUT: ¢/(t — 1), ¢/(t — 1), gepa(t)
OUTPUT: ¢{, 4 (%)

Time step
Leapfrog scheme with Robert filter
INPUT: ¢/(1), ¢'(t — 1), gpa(t)
OUPUT:¢/(t + 1), ¢'(¢)

Solver
INPUT: ¢'(t + 1)
OUTPUT:¢/(t + 1)

Write history record?
INPUT: ¢(t), ¢'(t)

L Write restart record?
INPUT: ¢/(t + 1), ¢/(1), ¢/t + 1), ¥/(t)

Fig. 4. Organigram giving an overview of how the model integrations progress.

the hyperdiffusion coefficient decreased by a factor of 10, theplying that the model output gives an accurate representation
Robert filter parameter decreased by a factor of 10, and thef the true solutions of the continuous model equations.
gridspacing doubled in both directions, but all other param-

eters unmodifiedWilliams, 2003. The equilibrated wave

number was the same in each case, and the mid-radius wale Technical details

amplitude and phase speed differed by at most 0.3%. We

have therefore demonstrated that both rounding errors andhe model is available as a zip file, which contains
discretization errors are small, and that the equilibrated statéhe source code and makefile (Sebtl), the namelist

is insensitive to the values of the numerical parameters, im{Sect. 5.2), a shell script (Sect5.3) and a comprehen-
sive Matlab diagnostics suite (Se&t4). The zip file can
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the Q-G PV
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J{'(), ¢' (1)} \
{ oY’ (t)/06 }

9q'(t)99

V2 (¢ — 1)

stochastic term

Fig. 5. Organigram showing in detail how the model integrations progress, starting with initial condjti@sndg’(1). Each time step
has inputs;’(r—1) andq’(r) and outputs;’(z) andg’(t+1), shown shadedJ (v, ¢")=[(3v'/dr)(dq’ /96)—(3v'/38)(3dq’/dr)]/r is the

Jacobian.

be downloaded frorhttp://www.geosci-model-dev.net/2/13/
2009/gmd-2-13-2009-supplement.zip

5.1 Source code

The source code is written in Fortran 95. Routines from
the Numerical Algorithms Group (NAG) library are em-
ployed: nag _fft for the transformations between phys-
ical and spectral space described by EdS) @nd €6);
nag_gen _bnd_lin _sys for solving the complex band ma-
trix equation, {4), Nazm+2 times each time step; and
nag _math _constants for the value ofr.

The source code consists of 90 subroutines in the
src/ directory. In total, there are 1200 lines of code in
these subroutines, many of which are comments. Brief de-
scriptions of the subroutines are now given:

www.geosci-model-dev.net/2/13/2009/

— modules.f90  declares the global variables, catego-
rized into five modules: precision (the numeri-
cal precisions for the calculations and dumps to disk);
dyn _vars (the dynamical state arrays, i.e. streamfunc-
tion and PPV, which are updated once per time step);
solver _vars (the permanent solver arrays, calcu-
lated once at the start of the model rupllys _params
(the physical parameters, including system dimensions
and rotation rates); angkid _params (the numerical
parameters, including grid spacings and time steps).

— main.fo0 is the highest-level routine in the
model, making one-off calls tanit _model.f90 ,
init _solver.f90 and init _state.f90 , and

then calling in turn, from within the time step-
ping loop, jacobian.f90 , forcing.fo0 ,

Geosci. Model Dev., 23232009


http://www.geosci-model-dev.net/2/13/2009/gmd-2-13-2009-supplement.zip
http://www.geosci-model-dev.net/2/13/2009/gmd-2-13-2009-supplement.zip

28 P. D. Williams et al..: QUAGMIRE v1.3

— init _state.f90 initializes the model state by al-
locating and evaluating starting values for the ar-
rays declared in thelyn vars module. This sub-
routine makes calls toead _pu _fields.fo0 and

0.05¢ read _forcing _fields.f90

— jacobian.fo0 calculates the advectio (v, ¢/))
term in cylindrical polar co-ordinates, storing the result
as a PPV tendency. The formula is written to minimise
the number of multiplications, which are computation-
ally more expensive than additions.

y (m)
Q

-0.05¢

-0.1r — forcing.fo0 calculates the forcingd(d) terms

‘ ‘ ‘ ‘ ‘ (forcing of perturbations by the mean flow, topographic
-0.15 -0.1 -0.05 0 005 0.1 0.5 forcing, stochastic forcing and optional relaxation to a

X (m) specified PPV field), adding the result to the PPV ten-
dency. This subroutine makes callsdieta.fo0

Fig. 6. Typical grid point positions for a typical laboratory annu-  — dissipation.f90 calculates the dissipatiorv¢)

lus. In this case, there are 96 points in the azimuthal direction and terms (Ekman layers at the upper and lower bound-

16 points in the radial direction, giving grid boxes that are approx- aries, Ekman layers at the internal interface and

imately square near the inner boundary. This figure was produced  gecond-order PPV hyperdiffusion), adding the result

using option 11 of the Matlab diagnostics package (Sed). to the PPV tendency. This subroutine makes calls to
laplacian.fo0

Table 3. Estimates of the condition numbers (in the infinity-norm)
of the tridiagonal matrices in Eq74), corresponding to the first 10
azimuthal modes for both of the vertical modes. Values given are
rounded to the nearest integer, for typical run parameters.

— step _q.f90 uses the PPV tendency to perform the
time stepping, with a Robert three-level time filter, and
thereby updates the PPV field.

— solver.fo0 solves the Helmholtz equation in cylin-

m — bt m = be drical polar co-ordinates, to update the streamfunction
field given the updated PPV field.
— save _fields.f90 dumps the model state (stream-
n=0 389 59 function and PPV) to disk. The current state (regular
Zf 5 19192 gg dump) and/or the current and previous states (pickup
n—3 82 31 dump) are saved as unformatted binary data.
n=4 2471 gg — read _pu fields.fo0 reads the initial model state
h—6 44 o4 from a pickup file, if required.
n :; 2613 ié — read _forcing _fields.fo0 reads the forcing
"= fields PSI _relax.bin and QGPV\frelax.bin )
n=29 26 17 . . .
from disk, if required.
— dtheta.fo0 is the azimuthal derivative operator for
calculating the forcing terms in the PPV equations.
dissipation.fo0 , step _q.f90 , solver.fo90
andsave _fields.f90 . — laplacian.fo0 is the Laplacian operator in cylin-
drical polar co-ordinates for calculating the dissipation
— init  _model.f90 initializes the model by reading the terms in the PPV equations.
namelist (Sect5.2), and then allocating and evaluat-
ing the parameters declared in thieys _params and A Makefile is also included in therc/ directory, to
grid _params modules. build the executable from the source code files. The Makefile

contains four environment variables (FC, FFLAGS, LIBS,

— init  _solver.f90 initializes the solver by allo- and LM_LICENSEFILE), which specify directory paths,
cating and evaluating the arrays declared in theflags and other information required by the Fortran compiler
solver _vars module. and NAG library. This information is site-specific and the
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default settings, in the supplied Makefile, are those appropri-
ate to the AOPP machines at Oxford University. The default
settings must be changed according to the local installations
of the compiler and library, before the model is built at the
user’s site. Then, by typinghake at a command prompt,
each.fo0 source file is compiled to produce a correspond-
ing .0 object file, and then the 15 object files (plus object
files from the NAG library) are linked to build the executable,
with filenameggam.

The azimuthal derivative d¢heta.f90 ), Laplacian
(laplacian.fo0 ) and advectionjacobian.fo0 ) rou-
tines were each tested using input fields consisting of ran-
dom numbers satisfying the boundary conditions. The mean
PPV tendency due to each contribution was found to be zero
to within numerical precision, which is a necessary (but not
sufficient) condition for the code for these routines to be free
from errors.

The Helmholtz solver routinegnft  _solver.f90 and
solver.fo0 ) were tested by first using the forward formu-
lae 5) and @6) with our discretized Laplaciar6Q)—(62) to
calculate the PPV fields corresponding to given random per-
turbation streamfunction fields, and then using the routines
to reconstruct the streamfunction fields from the calculated
PPVs. The root-mean-square difference between the original
and reconstructed streamfunction fields was around 0.1%,
which is consistent with the solver code also being free from
errors. The reason that the agreement is not exact, to within
numerical precision, is that we assume linearly-extrapolated
ghost points to evaluate the Laplacian in the forward formu-
lae, an assumption that is not made during the inversion.

5.2 Namelist

The namelistgqgam.data , should be copied to the working
directory (i.e. the directory in which the model output is to
appear) and then edited to alter the physical and numerical
details for the run. The entries in the namelist, which fall
into five categories, are as follows.

— GRID DEFINITION:

— Nrad (INTEGER) =N;aq = number of grid points
in the radial direction, including one point on each
of the boundaries;=a andr=b

— Nazim (INTEGER) = Ngzim = number of grid
points in the azimuthal direction

— Nlayer (INTEGER)=number of layers (must be

2inv1.3)
— TIME STEPPING:

— delta _t (REAL) = At =time step (s)

— start _step (INTEGER) = first step in the inte-
gration — set to 1 to internally compute the initial
condition using random numbers, otherwise picks

www.geosci-model-dev.net/2/13/2009/
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up from a previous calculation using the file la-
belledstart _step

end step (INTEGER) = last step in the integra-
tion

Robert fiter = _parameter (REAL) = R =
strength of Robert time-filtering — must be between
0.0 (no filtering) and 10 (full filtering)

dump_period (INTEGER) = number of steps be-
tween successive regular dumps to disk

pickup _dump_period (INTEGER) = number
of steps between successive pickup dumps to disk

debug (INTEGER) = debug messages switched
on? (set to 1 for “yes”)

— SYSTEM DIMENSIONS:

a (REAL) = a = radius of inner boundary (m)

b (REAL) = b =radius of outer boundary (m)
H(REAL) = H = depth of each layer (m)

s_top (REAL) = stop = radial slope of lid (dimen-
sionless)

s_bot (REAL) = spot = radial slope of base (di-
mensionless)

— FLUID PROPERTIES:

rho (REAL) = p = density of each layer (kg n)
from top to bottom, i.e. vector of lengtk.layer
with elements of increasing size

S (REAL) = § = interfacial tension between each
pair of adjacent layers (N nt) from top to bottom,
i.e. vector of lengtiN_layer —1

new (REAL) = v = kinematic viscosity of each
layer (mfs~1) from top to bottom, i.e. vector of
lengthN_layer

— FORCING AND DISSIPATION:

initial _amplitude  (REAL) = amplitude of
initial PPV perturbation (s') — only used if
start _step issettol

omega (REAL) = Q@ = angular velocity of base
(rad s°1) — must be positive

lid _delta _omega (REAL) = AQ = differential
angular velocity of lid relative to base (rad’y —
can be either positive (prograde) or negative (retro-
grade)

g (REAL) = g = acceleration due to gravity (m$)

new_hyper (REAL) = vhyper= Second-order PPV
hyperdiffusion coefficient (fs™1)

relax _rate (REAL) = inverse time scale for re-
laxation to specified PPV field {3) — only used if
relax _type issetto2or3
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— relax _type (INTEGER) =setto 1ltorelaxtoa
specified streamfunction fiel®@8l _relax.bin ),
set to 2 to relax to a specified PPV field
(QGPWrelax.bin ), or set to 3 to do both 1 and
2

— reset _period (INTEGER) = number of steps
between successive resetting of the mean PPV to
zero — set to 1 to reset at each step

— internal  _ekman (INTEGER) = internal Ekman
layers switched on? (set to 1 for 'yes’)

— noise _amp(REAL) = (starting value of) stochas-
tic forcing amplitude (52)

— d_dt _noise _amp (REAL) = rate of change of
stochastic forcing amplitude (8)

5.3 Shell script

A shell script,run _ggam, is included with the model. To
launch the model, typein _qgamat the command line from
a directory containing a namelist file. This deletes any data
files already present, copies the current version of the exe-
cutable to the local directory, creates a temporary uncom-
mented namelist file, creates a file of parameter values in
a form suitable to be read by the Matlab diagnostic script,
runs the model (piping system messages to the output file,
ggam.out ), and finally deletes the local version of the exe-
cutable and the temporary namelist.

To avoid deleting pre-existing data files (e.qg. for a pick-up
run), userun _ggam pu.

5.4 Matlab diagnostics

A comprehensive  Matlab  diagnostics  package
(diagnostic.m diagnostic  _read.m and
gradient _imp.m) is supplied with the model, con-

sisting of 2100 lines of code. The package allows the model
data and many other derived quantities to be plotted in
cylindrical geometry. To run the package, launch Matlab
from the data directory and typ#iagnostic . The data
file created by the shell script is read, and the following
options are offered.

— 0 =exit

— 1 = contour plot of perturbation streamfunction
— 2 = contour plot of perturbation potential vorticity
— 3 = contour plot of perturbation interface height
— 4 = vector plot of perturbation velocity field

— 5 = contour plot of full streamfunction

P. D. Williams et al..: QUAGMIRE v1.3

— 8 =vector plot of full velocity field

— 9 =time-series of mid-radius interface height wave am-
plitude

— 10 = multiple cartesian diagnostics

— 11 = plot of gridpoint positions

— 12 = time-series of mid-radius interface height
— 13 = option 1 over-plotted with option 4

— 14 = option 5 over-plotted with option 8

— 15 =time-series of radially-averaged zonal perturbation
velocity

— 16 = mid-radius perturbation potential
Hovmiller diagram

vorticity

— 17 = mid-radius perturbation streamfunction Fourier
spectrum

— 18 = contour plot of Lighthill Radiation Term magni-
tude

— 19 = contour plot of Brown’s CAT indicator
— 20 = vector plot of full velocity shear field

— 21 = time-series of 1/4 and 3/4-radius interface height
wave amplitude

— 22 = contour plot of local Richardson number in inter-
facial Ekman layer

— 23 = time series of minimum local Richardson number
in interfacial Ekman layer

— 24 = contour plot of turbulent energy dissipation rate
— 25 =interface height profiles as a function of theta
— 26 = time series of system energy

— 27 = 3-D image of full interface height

— 28 = multiple radiation diagnostics

— 29 = contour plot of horizontal divergence

— 30 = mid-radius interface height Hovither diagram

— 31 = zonally-averaged zonal velocity as a function of
radius

— 32 = time-radius Hoviller plot of zonally-averaged
zonal velocity

The user should select the option required and follow the

on-screen instructions to display the plot on the screen. To
save or print a figure, first produce it using the appropriate
option, then exit the diagnostics package using option 0 and
issue the appropriate Matlab print command.

— 6 = contour plot of full potential vorticity

— 7 = contour plot of full interface height
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5.5 Historical development desktop Linux workstation with a 1.4 GHeMD Athlonpro-
cessor and 100% of the CPU usage, and Within—=96 and
The historical development of QUAGMIRE has proceeded asN,,4=16, a model integration speed of 120 time steps per
follows. QUAGMIRE v1.0 did not include topographic forc- second is attained. With these specifications, simulated time
ing or stochastic forcing, and there were only 21 plot optionsruns ten times faster than elapsed time.
in the Matlab diagnostics software. In QUAGMIRE v1.1,  Waves in the model, which grow due to baroclinic instabil-
stochastic forcing was introduced, and 9 further options wereity if the Froude number is supercritical but otherwise decay,
added to the diagnostics software. In QUAGMIRE v1.2, have phase speeds, equilibrated amplitudes and wavenum-
topographic forcing was introduced, and 2 further optionsbers that agree well with those determined from the corre-
were added to the diagnostics software. Finally, in QUAG- sponding laboratory experiments. For Froude numbers that
MIRE v1.3, many improvements to the source code, shellare higher still, more complicated model flows result, such as
script and diagnostics software have been made. QUAGamplitude vacillations with reasonable amplitudes and peri-
MIRE v1.3 is the first version to be released for public use. ods and, ultimately, flow that is highly irregular and appears
to be chaotic. The good agreement between model and labo-
ratory provides an important validation of the model, and in-
dicates that the numerical techniques employed are reliable.
As with any numerical model, many improvements could
be made to version 1.3 of QUAGMIRE. The most obvious
would be to generalize the model to apply to an unspeci-
fied number of superposed fluid layers of unspecified relative
depths, rather than the implementation in version 1.3 of two

5.6 Software licensing

QUAGMIRE v1.3 is made freely available under the MIT
license, the terms of which are as follows.

Copyright (c) 2009 P. D. Williams, T. W. N. Haine,
P. L. Read, S. R. Lewis, and Y. H. Yamazaki.

Permission is hereby granted, free of charge,
to any person obtaining a copy of this software and
associated documentation files (the “Software”), to
deal in the Software without restriction, including
without limitation the rights to use, copy, modify,
merge, publish, distribute, sublicense, and/or sell
copies of the Software, and to permit persons to
whom the Software is furnished to do so, subject
to the following conditions:

The above copyright notice and this permission
notice shall be included in all copies or substantial
portions of the Software.

THE SOFTWARE IS PROVIDED “AS 1S,
WITHOUT WARRANTY OF ANY KIND, EX-
PRESS OR IMPLIED, INCLUDING BUT NOT
LIMITED TO THE WARRANTIES OF MER-
CHANTABILITY, FITNESS FOR A PARTIC-
ULAR PURPOSE AND NONINFRINGEMENT.

IN NO EVENT SHALL THE AUTHORS OR
COPYRIGHT HOLDERS BE LIABLE FOR
ANY CLAIM, DAMAGES OR OTHER LIABIL-
ITY, WHETHER IN AN ACTION OF CON-
TRACT, TORT OR OTHERWISE, ARISING
FROM, OUT OF OR IN CONNECTION WITH
THE SOFTWARE OR THE USE OR OTHER
DEALINGS IN THE SOFTWARE.

6 Summary

www.geosci-model-dev.net/2/13/2009/

layers of equal resting depths. There are plans to implement
this improvement, and others, in future versions of QUAG-
MIRE.
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